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RÉSUMÉ 
 
 Nous nous intéressons à l'estimation non paramétrique d'une fonction de 
régression instrumentale ϕ . Cette fonction est définie à l'aide de conditions de moment 
provenant d'un modèle économétrique structurel de la forme ( ) 0,E Y Z Wϕ −  =   où les 
Y et Z sont des variables endogènes et les W des instruments. La fonction ϕ  est alors 
la solution d'un problème inverse mal posé, et nous proposons une procédure 
d'estimation utilisant la régularisation de Tikhonov. Le papier analyse l'identification et la 
suridentification du modèle et donne les propriétés asymptotiques de l'estimateur de la 
régression instrumentale non paramétrique. 
 
Mots clés : variables instrumentales, équation intégrale, problème mal posé, 
régularisation de Tikhonov, lissage par noyau 
 
 
ABSTRACT 
 
 The focus of the paper is the nonparametric estimation of an instrumental 
regression function ϕ  defined by conditional moment restrictions stemming from a 
structural econometric model : ( ) 0,E Y Z Wϕ −  =   and involving endogenous variables 
Y and Z and instruments W. The function ϕ  is the solution of an ill-posed inverse 
problem and we propose an estimation procedure based on Tikhonov regularization. 
The paper analyses identification and overidentification of this model and presents 
asymptotic properties of the estimated nonparametric instrumental regression function. 
 
Key words : instrumental variables, integral equation, ill-posed problem, Tikhonov 
regularization, Kernel smoothing 
 
 
4 Lqwurgxfwlrq
Dq hfrqrplf uhodwlrqvkls ehwzhhq d uhvsrqvh yduldeoh \ dqg d yhfwru ] ri
h{sodqdwru| yduldeohv lv riwhq uhsuhvhqwhg e| dq htxdwlrq=
\ @ * +], . X / +414,
zkhuh wkh ixqfwlrq *+=, vkrxog ghqh wkh uhodwlrqvkls ri lqwhuhvw zkloh X lv
dq huuru whup41 Wkh uhodwlrqvkls +4=4, grhv qrw fkdudfwhul}h wkh ixqfwlrq * li
wkh uhvlgxdo whup lv qrw frqvwudlqhg1 Wklv gl!fxow| lv vroyhg li lw lv dvvxphg
wkdw H^X m ]` @ 3/ ru li htxlydohqwo| * +], @ H^\ m ]`1 Krzhyhu lq qxphurxv
vwuxfwxudo hfrqrphwulf prghov/ wkh frqglwlrqdo h{shfwdwlrq ixqfwlrq lv qrw
wkh sdudphwhu ri lqwhuhvw1 Wkh vwuxfwxudo sdudphwhu lv d uhodwlrq ehwzhhq
\ dqg ] zkhuh vrph ri wkh ] frpsrqhqwv duh hqgrjhqrxv1 Wklv lv wkh
fdvh lq ydulrxv vlwxdwlrqv= vlpxowdqhrxv htxdwlrqv/ huuru0lq0yduldeohv prghov/
wuhdwphqw prgho zlwk hqgrjhqrxv vhohfwlrq1
Wkh remhfwlyh ri wklv sdshu lv wr dqdo|}h wkh hqgrjhqhlw| sureohp ri
] lq d pruh jhqhudo zd| wkdq lq wkhvh vshflf prghov dqg wr dyrlg dq|
sdudphwulf uhvwulfwlrq rq wkh * ixqfwlrq1
Wkh uvw txhvwlrq lv wr dgg dvvxpswlrqv wr htxdwlrq +4=4, lq rughu wr
fkdudfwhul}h *1 Wzr jhqhudo vwudwhjlhv h{lvw lq wkh olwhudwxuh/ dw ohdvw iru
olqhdu prghov1 Wkh uvw rqh frqvlvwv wr lqwurgxfh vrph k|srwkhvlv rq wkh
mrlqw glvwulexwlrq ri X dqg ] +iru h{dpsoh rq wkh yduldqfh pdwul{,1 Wkh vhf0
rqg rqh lqfuhdvhv wkh yhfwru ri revhuydeohv iurp +\>], wr +\>]>Z ,/ zkhuh
Z ghvljqdwhv lqvwuxphqwdo yduldeohv1 Wkh uvw dssurdfk zdv hvvhqwldoo| iro0
orzhg lq wkh huuru0lq0yduldeohv prghov dqg vrph vlplodulwlhv h{lvw zlwk wkh
lqvwuxphqwdo prgho dqdo|vlv +vhh h1j1 Pdolqydxg +4<:3, / Ioruhqv/ Prxfkduw/
Ulfkdug +4<:7 dqg 4<;:, iru wkh olqhdu fdvh,1 Lqvwuxphqwdo yduldeoh dqdo|vlv
zdv sursrvhg e| Uhlhuvro +4<74,/ Uhlhuvroo +4<78, dqg h{whqghg e| Wkhlo
+4<86,/ Edvpdqq +4<8:, dqg Vdujdq +4<8;,1
Wklv sdshu frqvlghuv dq lqvwuxphqwdo yduldeohv wuhdwphqw ri wkh hqgr0
jhqhlw|1 Krzhyhu/ hyhq lq wkh lqvwuxphqwdo yduldeohv iudphzrun/ ghqlwlrq ri
ixqfwlrqdo sdudphwhu ri lqwhuhvw uhpdlqv dpeljxrxv lq wkh jhqhudo qrqolqhdu
fdvh1 Wkuhh srvvleoh ghqlwlrqv ri * kdyh ehhq sursrvhg5=
l, Wkh uvw rqh uhsodfhv H^X m ]` @ 3 e| H^X m Z ` @ 3/ ru htxlydohqwo| lw
ghqhv * dv vroxwlrq ri=
H^\  * +], mZ ` @ 31 +415,
Wklv ghqlwlrq zdv wkh irxqgdwlrq ri wkh dqdo|vlv ri vlpxowdqhlw| lq
olqhdu prghov ru sdudphwulf qrqolqhdu prghov +vhh Dphpl|d +4<:7,,/ exw
4Zh uhpdlq wuxh wr wkh wudglwlrq lq Hfrqrphwulfv ri dgglwlyh huuru whupv1 Vhh h1j1
Lpehqv dqg Qhzh| +5334, iru dowhuqdwlyh vwuxfwxudo dssurdfkhv1
5D jhqhudo frpsdulvrq ehwzhhq wkhvh wkuhh frqfhswv dqg wkhlu h{whqvlrqv wr pruh
jhqhudo wuhdwphqw prghov lv grqh lq +Ioruhqv/ Khfnpdq/ Phjklu/ Y|wodflo +5334,,1
4
lwv h{whqvlrq wr wkh qrqsdudphwulf fdvh frphv xs djdlqvw gl!fxowlhv1 Wklv
sdshu wuhdwv wklv sureohp lq wkh iudphzrun ri loo0srvhg lqyhuvh sureohpv +vhh
iru suhylrxv whqwdwlyh Qhzh|/ Srzhoo +5333,/ txrwhg lq Sdjdq/ Xoodk +4<<<,,>
ll, D vhfrqg dssurdfk lv qrz fdoohg frqwuro ixqfwlrq dssurdfk dqg zdv v|v0
whpdwl}hg e| Qhzh|/ Srzhoo hw Yhood +4<<<,,1 Wklv whfkqlf zdv suhylrxvo|
ghyhorshg lq vshflf prghov +h1j1 Ploov udwlr fruuhfwlrq lq vrph vhohfwlrq
prghov iru h{dpsoh,1 Wkh vwduwlqj srlqw lv wr frpsxwh H^\ m ]>Z ` zklfk
vdwlvhv=
H^\ m ]>Z ` @ * +], . k+]>Z ,/ +416,
zkhuh k+]>Z , @ H^X m ]>Z `1 Htxdwlrq +4=6, grhv qrw fkdudfwhul}h *1
Krzhyhu zh fdq dvvxph wkdw wkhuh h{lvw d ixqfwlrq Y +wkh frqwuro ixqfwlrq,
ri +]>Z , +w|slfdoo| ]  H^] m Z `, zklfk fdswxuhv doo wkh hqgrjhqhlw| ri
] lq wkh vhqvh= H^X m Z>Y ` @ H^X m Y `1 Wklv lpsolhv wkdw +4=6, pd| eh
uhzulwwhq lq=
H^\ m ]>Z ` @ * +], . k+Y ,/ +417,
dqg/ xqghu vrph frqglwlrqv/ *pd| eh lghqwlhg iurp +4=7,/ xs wr dq dgglwlyh
frqvwdqw whup1
lll, D wklug ghqlwlrq iroorzv iurp wkh olwhudwxuh rq wuhdwphqw prgho +vhh
h1j1 Lpehqv/ Dqjulvw +4<<7,/ Khfnpdq/ Lfklpxud/ Vplwk/ Wrgg +4<<;, dqg
Khfnpdq/ Y|wodflo +4<<<,,1 Zh vlpsoli| h{wuhpho| wklv dqdo|vlv e| frqvlg0
hulqj ] dqg Z dv vfdodu1 Orfdo lqvwuxphqw lv ghqhg e| Y.dt ` oY` @
Y.d~` o
Y` /
dqg wkh ixqfwlrq ri lqwhuhvw * lv dvvxphg wr eh fkdudfwhul}hg e| wkh uhodwlrq=
Y.dt ` o
Y`
Y.d~` o
Y`
@ H

C*
C]
mZ

1 +418,
Wkhvh wkuhh frqfhswv duh lghqwlfdo lq wkh olqhdu qrupdo fdvh exw glhu lq
jhqhudo/ dv lw lv vkrzq lq wkh wzr iroorzlqj h{dpsohv1
H{dpsoh 414= Ohw xv frqvlghu d wulyduldwh }hur phdq qrupdo glvwulexwlrq
+\>]>Z ,1 Wkh olqhdu ixqfwlrq ] zkhuh  @ H ^\Z ` @H ^]Z ` vdwlvhv wkh
wkuhh frqglwlrqv +4=5,/ +4=7, dqg +4=8,/ zlwk Y +]>Z , @ ]H^] mZ `1 Pruh
jhqhudoo|/ dq| ixqfwlrq * vxfk wkdw H^\ * +],` @ 3 dqg Z lv lqghshqghqw
ri +Y> \ * +],,/ vdwlvhv wkh wzr frqglwlrqv +4=5, dqg +4=7, = Wkhq/ zh jhw=
CH^\ mZ `
CZ
@
CH^* +], mZ `
CZ
@
C
CZ
]
* +], s +] H +]mZ ,,g]/
zkhuh s lv wkh ghqvlw| ri Y= Xqghu erxqgdu| frqglwlrqv +418, iroorzv e|
lqwhjudwlrq e| sduw1
H{dpsoh 415=
Li d ixqfwlrq *W ixooov +417,/ zh jhw=
5
H ^\ mZ ` @ H ^*W +], mZ ` .H ^k+Y ,mZ ` >
zkhuhdv/ iru d ixqfwlrq * frqirupdeoh wr +415,=
H ^\ mZ ` @ H ^* +], mZ ` =
Wkhuhiruh=
H ^* +], *W +], mZ ` @ H ^k +Y , mZ ` >
lv qrw frqvwdqw lq jhqhudo/ hyhq li Y @ ]H ^]mZ ` = Wkh gl!fxow| frphv
iurp wkh idfw wkdw/ ehvlghv wkh qrupdo fdvh/ Y lv qrw lqghshqghqw ri Z lq
jhqhudo dqg qrqolqhdu ixqfwlrqv k+Y , ri Y pd| eh fruuhodwhg zlwk Z= Dq
h{solflw frxqwhuh{dpsoh zlwk frqglwlrqdo khwhurvfhgdvwlflw| lv surylghg lq
Dsshqgl{ H1 Lw lv dovr vkrzq wkdw vxfk qrqolqhdulwlhv zloo lpso| wkdw qhlwkhu
* qru *Wduh vroxwlrq ri +418,1
Wkh sdshu dqdo|vhv wkh ghqlwlrq ri wkh vwuxfwxudo sdudphwhu lpsolflwo|
ghulyhg iurp wkh ixqfwlrqdo htxdwlrq +4=5,1 Wklv lv dfwxdoo| dq htxdwlrq ri
wkh w|sh D+*>I , @ 3/ zkhuh I lv wkh suredelolw| glvwulexwlrq ri +\>]>Z ,1
Zh srlqw rxw wkh frqglwlrq rq I zklfk ghwhuplqhv xqltxho| wkh vroxwlrq1
Hvwlpdwlrq ri * lv rewdlqhg e| vroylqj D+*> aI , @ 3/ zkhuh aI lv d vprrwk
hvwlpdwru ri I 1 Krzhyhu wklv htxdwlrq kdv qr vroxwlrq zklfk ghshqgv frq0
wlqxrxvo| rq I +loo0srvhg lqyhuvh sureohp, dqg lw pxvw eh wudqviruphg lqwr
d uhjxodul}hg lqyhuvh sureohp1 Wkh dv|pswrwlf surshuwlhv ri wkh vroxwlrq duh
qdoo| jlyhq1 Frqwudulo| wr prvw ri wkh qrqsdudphwulf dv|pswrwlf wkhrulhv/
zh gr qrw rewdlq d vshhg ri frqyhujhqfh mxvw ghshqglqj rq wkh vdpsoh vl}h
dqg rq wkh edqgzlgwk1 Lw dovr ghshqgv rq wkh glvwulexwlrq ri wkh yduldeohv
+wkurxjk wkh ghshqgdqfh vfkhph ehwzhhq wkh lqvwuxphqwv dqg wkh hqgrjh0
qrxv yduldeohv, dqg rq wkh ehkdylru ri d Wlnkrqry uhjxodul}dwlrq sdudphwhu1
Krzhyhu zh fdq frpsxwh orzhu erxqg ri wkh vshhg ri frqyhujhqfh dqg glv0
fxvv rswlpdo fkrlfhv ri wkh uhjxodul}dwlrq sdudphwhuv1 D jhqhudo frqfhsw ri
srru lqvwuxphqwv dqg pruh suhflvho| d phdvxuh ri wkh lqirupdwlrq derxw
wkh lqvwuxphqwdo uhjuhvvlrq ixqfwlrq surylghg e| d jlyhq vhw Z ri lqvwux0
phqwv lv sursrvhg wkurxjk wkh dv|pswrwlf ehkdylru ri Wlnkrqry uhjxodul}hg
vroxwlrqv1
5 Wkh lqvwuxphqwdo uhjuhvvlrq dqg lwv lghqwlfd0
wlrq
514 Ghqlwlrq
Zh ghqrwh e| V @ +\>]>Z , d udqgrp yhfwru sduwlwlrqhg lqwr \ 5 U/
] 5 UR dqg Z 5 U^1 Wkh suredelolw| glvwulexwlrq rq V lv fkdudfwhul}hg e|
lwv mrlqw fxpxodwlyh glvwulexwlrq ixqfwlrq +fgi , I 1 Wkh vxeyhfwruv ] dqg Z
6
pd| kdyh vrph hohphqwv lq frpprq1 Zh dvvxph wkdw wkh uvw frruglqdwh
ri V/ \ lv vtxduh lqwhjudeoh1 Wklv frqglwlrq lv dfwxdoo| d frqglwlrq rq I
dqg I ghqrwhv wkh vhw ri doo fgi vdwlvi|lqj wklv lqwhjudelolw| frqglwlrq1 Iru
d jlyhq I zh frqvlghu wkh Kloehuw vsdfh O28 ri vtxduh lqwhjudeoh ixqfwlrqv
ri V dqg zh ghqrwh e| O28 +\ ,/ O
2
8 +],/ O
2
8 +Z , wkh vxevsdfhv ri O
2
8 ri uhdo
ydoxhg ixqfwlrqv ghshqglqj rq \ / ] ru Z rqo|1 W|slfdoo| I lv wkh wuxh
glvwulexwlrq ixqfwlrq iurp zklfk duh jhqhudwhg wkh revhuydwlrqv dqg wkhvh
O28 vsdfhv duh uhodwhg wr wklv glvwulexwlrq1
Lq wklv vhfwlrq qr dgglwlrqdo uhvwulfwlrq lv pdlqwdlqhg rq wkh ixqfwlrqdo
vsdfhv exw pruh frqglwlrqv duh qhfhvvdu|/ lq sduwlfxodu iru wkh dqdo|vlv ri
wkh dv|pswrwlf surshuwlhv1 Wkhvh uhvwulfwlrqv zloo rqo| eh lqwurgxfhg zkhq
qhfhvvdu|1
Ghqlwlrq 514 = Zh fdoo lqvwuxphqwdo uhjuhvvlrq dq| ixqfwlrq * 5 O28 +],
zklfk vdwlvhv wkh frqglwlrq=
\ @ * +], . X / H^X mZ ` @ 31 +514,
Htxlydohqwo| * fruuhvsrqgv wr dq| vroxwlrq ri wkh ixqfwlrqdo htxdwlrq=
H^\  * +], mZ ` @ 31 +515,
Li ] dqg Z duh lghqwlfdo/ * lv htxdo wr wkh frqglwlrqdo h{shfwdwlrq ri
\ jlyhq ]/ dqg wkhq lw lv xqltxho| ghqhg1 Lq wkh jhqhudo fdvh/ dgglwlrqdo
frqglwlrqv duh uhtxluhg lq rughu wr lghqwli| xqltxho| * e| +5=4, ru +5=5,1
H{dpsoh 514= Zh dvvxph wkdw V  Q+>	, dqg zh uhvwulfw rxu dwwhqwlrq
wr olqhdu lqvwuxphqwdo ixqfwlrqv */ *+}, @ D} . e1 Frqglwlrqv +5=4, duh
vdwlvhg li dqg rqo| li D	~` @ 	t` / zkhuh 	~` @ fry+]>Z , dqg 	t` @
fry+\>Z ,1 Li ] dqgZ kdyh wkh vdph glphqvlrq dqg li 	~` lv qrq vlqjxodu/
D @ 	t`	
3
~` dqg e @ t D~ 1 Zh zloo vhh odwhu wkdw wklv olqhdu vroxwlrq
lv wkh xqltxh vroxwlrq ri +5=5, lq wkh qrupdo fdvh1 Li ] dqgZ gr qrw kdyh wkh
vdph glphqvlrq/ pruh frqglwlrqv duh qhhghg iru h{lvwhqfh dqg xqltxhqhvv
ri *1
H{dpsoh 515= Zh dvvxph wkdw ] dqg Z kdyh erwk d glvfuhwh vxssruw
i4> 5> ===>Nj1 Lq wklv fdvh/ frqglwlrqv +5=4, dprxqw wr d v|vwhp riN htxdwlrqv
derxw wkh N srvvleoh xqnqrzq ydoxhv ri *1 Lw lv d Fudphu v|vwhp li dqg rqo|
li wkhNN pdwul{ jlylqj wkh frqglwlrqdo suredelolw| glvwulexwlrq ri ] jlyhq
Z lv qrq vlqjxodu1
Lw zloo eh xvhixo wr lqwurgxfh wkh wzr iroorzlqj qrwdwlrqv=
l, W8 = O
2
8 +],$ O28 +Z , *$ W8 +*, @ H^* +], mZ `/
ll, W W8 = O
2
8 +Z ,$ O28 +], # $ W W8 +#, @ H^# +Z , m ]`1
7
Wkhvh wzr olqhdu rshudwruv vdwlvi|=
k* +], > # +Z ,l @ H^* +],# +Z ,` @ kW8 +*, +Z , > # +Z ,l
@ k* +], > W W8 +#, +],l/
dqg wkhq W W8 lv wkh dgmrlqw +ru gxdo , rshudwru ri W8 / dqg uhflsurfdoo|1 Xvlqj
wkhvh qrwdwlrqv/ * fruuhvsrqgv wr dq| vroxwlrq ri wkh ixqfwlrqdo htxdwlrq=
D+*>I , @ W8 +*, u8 @ 3/ +516,
zkhuh u8 +Z , @ H^\ m Z `1 Wklv lpsolflw ghqlwlrq ri wkh sdudphwhu ri
lqwhuhvw * dv d vroxwlrq ri dq htxdwlrq ghshqglqj rq wkh gdwd jhqhudwlqj
surfhvv lv wkh pdlq fkdudfwhulvwlf ri wkh vwuxfwxudo dssurdfk lq hfrqrphwulfv1
Lq rxu fdvh qrwh wkdw htxdwlrq +5=6, lv olqhdu lq *1
Uhpdun 514= Wkh vsdfhv O28 +], dqg O
2
8 +Z , duh ghqhg iru jlyhq sure0
delolw| glvwulexwlrqv ri ] dqg Z 1 Zh pd| eh ohg wr fkdqjh wkh uhihuhqfh
suredelolw| phdvxuhv wr uhvwulfw * wr ehorqj wr d vxevhw ri O28 +], dqg wr do0
orz u8 wr eh lq d vsdfh odujhu wkdq O
2
8 +Z ,1 Lq sduwlfxodu/ wklv prglfdwlrq
zloo eh qhfhvvdu| lq rughu wr frqvlghu qrq frpsdfw vxssruwv dqg glvwulex0
wlrqv zlwk ghqvlw| qrw erxqghg iurp ehorz e| d vwulfwo| srvlwlyh qxpehu1
Wkh pdlq frpsoh{lw| lqwurgxfhg e| wklv fkdqjh lv wkh prglfdwlrq ri wkh
gxdo rshudwru W W8 1 Iru wklv uhdvrq/ wklv h{whqvlrq lv qrw frqvlghuhg lq wkh
sdshu dqg lv mxvw vnhwfkhg lq Dsshqgl{ F1
Li wkh mrlqw fgi I lv fkdudfwhul}hg e| lwv ghqvlw| i+|> }>z, z1u1w1 wkh
Ohehvjxh phdvxuh/ htxdwlrq +5=6, lv dq lqwhjudo Iuhgkrop w|sh L htxdwlrq=]
* +},
i+=> }>z,
i+=> => z,
g} @ u8 +z,/ +517,
zkhuh u8 +z, @
U
| sE+ccsEcc g|1
Wkh hvwlpdwlrq ri d ixqfwlrq e| vroylqj dq lqwhjudo htxdwlrq lv d xvxdo
sureohp lq qrqsdudphwulf vwdwlvwlf1 Lqghhg wkh hvwlpdwlrq ri wkh ghqvlw|
ixqfwlrq j lwvhoi ri d udqgrp yduldeoh \ fdq eh vhhq dv wkh uhvroxwlrq ri=]
j+x,Lo3"c+dgx @ J+|,/ +518,
zkhuh wkh fxpxodwlyh ixqfwlrq J lv uhsodfhg e| lwv hpslulfdo frxqwhusduw1
Krzhyhu wkh hvwlpdwlrq lvvxh ri * iurp +5=7, lv hyhq pruh gl!fxow wkdq wkh
hvwlpdwlrq ri j ghqhg e| +5=8, vlqfh=
l, rq wkh rqh kdqg/ Kdugoh/ Olqwrq +4<<7, h{sodlq wkdw +5=8, lv dq loo0srvhg
lqyhuvh sureohp zkrvh qhfhvvdu| uhjxodul}dwlrq ohdgv wr d qrqsdudphwulf
vshhg ri frqyhujhqfh ri wkh hvwlpdwru ri j ghgxfhg e| +5=8, iurp wkh hpslu0
lfdo fxpxodwlyh ixqfwlrq zklfk lv d urrw0Q frqvlvwhqw hvwlpdwru ri J1
8
ll, rq wkh rwkhu kdqg/ wkh lqyhuvh sureohp +5=7, lv qrw rqo| loo0srvhg +vhh
Vhfwlrq 6 ehorz, exw lwv lqsxwv iru vwdwlvwlfdo hvwlpdwlrq ri * duh qrqsdudphw0
ulf hvwlpdwruv ri wkh ixqfwlrqv i dqg u8 / zklfk dovr lqyroyh qrqsdudphwulf
vshhgv ri frqyhujhqfh1 Krzhyhu d frqwulexwlrq ri wklv sdshu zloo eh wr vkrz
wkdw wkh glphqvlrq ri Z kdv qr qhjdwlyh lpsdfw rq wkh uhvxowlqj vshhg ri
frqyhujhqfh ri wkh hvwlpdwru ri *1 Urxjko| vshdnlqj/ lqfuhdvlqj wkh glphq0
vlrq ri Z lqfuhdvhv wkh vshhg ri frqyhujhqfh1 Wkh xvxdo glphqvlrqdolw|
fxuvh lq qrqsdudphwulf hvwlpdwlrq lv rqo| ghshqghqw rq wkh glphqvlrq ri ]=
515 Lghqwlfdwlrq
Wkh fgi I dqg wkh uhjuhvvlrq ixqfwlrq u8 duh gluhfwo| lghqwldeoh iurp wkh
udqgrp yhfwru V1 Rxu remhfwlyh lv wkhq wr vwxg| wkh lghqwlfdwlrq ri wkh
ixqfwlrq ri lqwhuhvw *1 Wkh vroxwlrq ri htxdwlrq +5=6, lv xqltxh li dqg rqo| li
W8 lv rqh wr rqh +ru htxlydohqwo| wkh qxoo vsdfh Q +W8 , ri W8 lv uhgxfhg wr
}hur,1 Wklv devwudfw frqglwlrq rq I fdq eh uhodwhg wr d suredelolvwlf srlqw
ri ylhz xvlqj wkh idfw wkdw W8 lv d frqglwlrqdo h{shfwdwlrq rshudwru1 Zh
lqwurgxfh wkh iroorzlqj ghqlwlrq1
Ghqlwlrq 515 = D udqgrp yhfwru X lv vwurqjo| lghqwldeoh e| d udqgrp
yhfwru Y li zh kdyh H^# +X, m Y ` @ 3 d1v1 , # @ 3 d1v11
Wklv frqfhsw lv zhoo0nqrzq lq vwdwlvwlfv dqg fruuhvsrqgv wr wkh qrwlrq ri
frpsohwh vwdwlvwlf6 +vhh Ohkpdq/ Vfkhh +4<83,/ Edvx +4<88,1 D v|vwhpdwlf
vwxg| lv pdgh lq Ioruhqv/ Prxfkduw/ +4<;9,/ dqg Ioruhqv/ Prxfkduw/ Urolq
+4<<3,/ Fkdswhu 8 xqghu wkh qdph ri vwurqj lghqwlfdwlrq +lq d O2 vhqvh, ri
wkh 0hog jhqhudwhg e| wkh udqgrp yhfwru X e| wkh 0hog jhqhudwhg e|
wkh udqgrp yhfwru Y 1 Ghqlwlrq 515 lpsolhv wkh iroorzlqj reylrxv uhvxow=
Sursrvlwlrq 514 = * lv lghqwldeoh li dqg rqo| li ] lv vwurqjo| lghqwldeoh
e| Z 1
Wkh fkdudfwhul}dwlrq ri lghqwlfdwlrq lq whupv ri frpsohwhqhvv ri wkh
frqglwlrqdo glvwulexwlrq ixqfwlrq ri ] jlyhq Z zdv douhdg| surylghg e|
Qhzh|/ Srzhoo +5333,1 Wkh| dovr glvfxvvhg wkh wzr sduwlfxodu fdvhv ghwdlohg
lq h{dpsohv 516 dqg 517 ehorz1 Dfwxdoo| wkh vwurqj lghqwlfdwlrq dvvxpswlrq
fdq eh lqwhusuhwhg dv d qrqsdudphwulf udqn frqglwlrq dv lw lv vkrzq lq wkh
iroorzlqj h{dpsoh ghdolqj zlwk wkh qrupdo fdvh1
H{dpsoh 516= Iroorzlqj H{dpsoh 514/ ohw xv frqvlghu d udqgrp qrupdo
yhfwru +]>Z ,1 Wkh yhfwru ] lv vwurqjo| lghqwldeoh e| Z li rqh ri wkh wkuhh
iroorzlqj htxlydohqw frqglwlrqv lv vdwlvhg +vhh Ioruhqv/ Prxfkduw/ Urolq
+4<<6,,=
6D vwdwlvwlf | lv frpsohwh lq d suredelolw| prgho ghshqglqj rq w li . db E|  wo ' f w
lpsolhv b E| ' f
9
l, Q +	~~, @ Q +	`~,>
ll, Q +	`~,  Q +	~~ 	~`	n``	`~,>
lll, Udqn+	~~, @ Udqn+	`~,1
Lq sduwlfxodu/ li 	~~ lv uhjxodu/ wkh glphqvlrq ri Z pxvw eh juhdwhu ru
htxdo wr wkh glphqvlrq ri ]1 Li wkh mrlqw glvwulexwlrq ri +\>]>Z , lv qrupdo
dqg li d olqhdu lqvwuxphqwdo uhjuhvvlrq lv xqltxho| ghqhg dv lq H{dpsoh 514/
wkhq lw lv wkh xqltxh lqvwuxphqwdo uhjuhvvlrq1
H{dpsoh 517= Li ] 5 id> ====> d&j dqg Z 5 ie> ====> e,j duh glvfuhwh/ dqg li
S lv wkh o n pdwul{ ri frqglwlrqdo suredelolwlhv ri ] jlyhq Z / wkhq vwurqj
lghqwlfdwlrq lv htxlydohqw wr Udqn+S , @ n1
Ghvslwh wkh devwudfw fkdudfwhu ri Sursrvlwlrq 514/ wklv lghqwlfdwlrq frq0
glwlrq fdq eh fkhfnhg lq vshflf prghov +vhh h1j1 Dl/ Eoxqghoo/ Fkhq +5334,,1
Lw fdq dovr eh lqwhusuhwhg lq whupv ri rshudwruv uhodwhg wr W8 dv vkrzq e|
wkh iroorzlqj fruroodu|71
Fruroodu| 514 = Wkh wkuhh iroorzlqj frqglwlrqv duh htxlydohqw=
l, * lv lghqwldeoh>
ll, W W8W8 lv rqh wr rqh>
lll, U+W W8 , @ O28 +],/ zkhuh H lv wkh forvxuh ri H  O28 +], lq wkh Kloehuw
vhqvh1
Zh zloo qrz lqwurgxfh dq dvvxpswlrq zklfk lv rqo| d uhjxodulw| frqglwlrq
zkhq ] dqg Z kdyh qr hohphqw lq frpprq1 Krzhyhu/ wklv dvvxpswlrq
fdqqrw eh vdwlvhg li wkhuh duh vrph hohphqwv lq frpprq ehwzhhq ] dqg
Z 1 Wklv odwwhu fdvh zloo eh frqvlghuhg lq Sdudjudsk 5161
Dvvxpswlrq D14= Wkh mrlqw glvwulexwlrq ri +]>Z , lv grplqdwhg e| wkh
surgxfw ri lwv pdujlqdo glvwulexwlrqv/ dqg lwv ghqvlw| lv vtxduh lqwhjudeoh
z1u1w1 wkh surgxfw ri pdujlqv1
Dvvxpswlrq D14 dprxqwv wr dvvxph wkdw W8 dqg W
W
8 duh Kloehuw Vfkplgw
rshudwruv/ dqg lv d vx!flhqw frqglwlrq ri frpsdfwqhvv ri W8 / W
W
8 / W8W
W
8 dqg
W W8W8 +vhh Odqfdvwhu +4<9;,/ Gduroohv/ Ioruhqv/ Uhqdxow +4<<;,,1 Wkhuhiruh
wkhuh lv d vhtxhqfh ri qrq qhjdwlyh uhdo qxpehuv f @ 4    2 dqg wzr
vhtxhqfhv ri ixqfwlrqv */ l  3/ dqg # / m  3 vxfk wkdw +vhh Nuhvv +4<<;,/
4817,=
l, */ l  3/ lv dq ruwkrqrupdo vhtxhqfh ri O28 +], +l1h1

* +], > * +],

@ /
l> m  3/ zkhuh  lv wkh Nurqhfnhu v|pero, dqg #/ m  3/ lv dq ruwkrqrupdo
vhtxhqfh ri O28 +Z ,1
7Doo wkh surriv duh jlyhq lq Dsshqgl{ D1
:
ll, W W8W8 ^* +],` @ 
2
* +],/ l  3>
lll, W8W
W
8 ^# +Z ,` @ 
2
# +Z ,/ l  3>
ly, *f +], @ 4/ #f +Z , @ 4>
y, k* +], > # +Z ,l @ / l> m  3>
yl, ;j 5 O28 +],/ j+}, @
S"
'fkj +], > * +],l* +}, . j/ zkhuh j 5 Q +W8 , >
yll, ;k 5 O28 +Z ,/ k+z, @
S"
'fkk +Z , > # +Z ,l# +z,.k/ zkhuh k 5 Q +W W8 ,
Vlploduo| zh rewdlq wkh ghfrpsrvlwlrq ri wkh mrlqw ghqvlw| i +=> }>z, ri
udqgrp yduldeohv ] dqg Z iurp wkh hljhqixqfwlrqv dqg hljhqydoxhv=
i +=> }> z, @ i +=> }> =, i +=> => z, ^4 .
"[
'
* +},# +z,`1 +519,
Dfwxdoo|/ lw fdq hyhq eh vkrzq +vhh Nuhvv +4<<;,/ 4817, wkdw iru doo l=
W8* @ #>
W WA# @ *>
dqg wkhq=
W8 ^j +],` +z, @ H ^j +], mZ @ z` @
"[
|'f
 ? j +], > * +], A # +z, >
dqg=
W W8 ^k +Z ,` +}, @ H ^k +Z , m] @ }` @
"[
|'f
 ? k +Z , > * +Z , A * +}, =
Wkh vwdwlvwlfdo lqwhusuhwdwlrq ri wkhvh h{sdqvlrqv lv wkh iroorzlqj1 Li
rqh frqvlghuv dq rughuhg vhtxhqfh ri hljhqydoxhv f    ===   / wkh
wuxqfdwhg vxp
S
'f  kj +], > * +],l#+z, lv wkh ehvw O20dssur{lpdwlrq ri
H^j+], m Z ` e| dq d!qh irqfwlrq rq wkh qrqolqhdu ixqfwlrqv # +Z , ri Z 1
Lq rwkhu zrugv zh duh orrnlqj iru wkh ehvw qrqolqhdu lqvwuxphqwv +vhh wkh
Ehvw Qrqolqhdu Wzr Vwdjh Ohdvw Vtxduhv e| Dphpl|d +4<:8,1 Wkh rughulqj
ri wkh hljhqhohphqwv lv qrw qhhghg iru wkh dv|pswrwlf wkhru| zh sursrvh lq
wklv sdshu exw lw lv fohduo| xvhixo iru vpdoo vdpsoh shuirupdqfh +vhh Gduroohv/
Ioruhqv dqg Uhqdxow +4<<;,,1
Wkh vwurqj lghqwlfdwlrq dvvxpswlrq ri ] e| Z fdq eh fkdudfwhul}hg
lq whupv ri wkh vlqjxodu ydoxhv ghfrpsrvlwlrq ri W8 1 Dfwxdoo| vlqfh * lv
lghqwldeoh li dqg rqo| li W WW8 lv rqh wr rqh zh kdyh=
;
Fruroodu| 515 = Xqghu dvvxpswlrq D14/ * lv lghqwldeoh li dqg rqo| li 3 lv
qrw dq hljhqydoxh ri W W8W8 1
Qrwh wkdw wkh wzr rshudwruv W W8W8 dqg W8W
W
8 kdyh wkh vdph qrq qxoo
hljhqydoxhv1 Exw/ iru h{dpsoh/ li Z dqg ] duh mrlqwo| qrupdo/ 3 lv dq
hljhqydoxh ri W8W
W
8 dv vrrq dv glpZ A glp] dqg 	 lv qrq vlqjxodu
81 Exw
li 	`~ lv ixoo0froxpq udqn/ 3 lv qrw dq hljhqydoxh ri W
W
8W8 =
Wkh vwurqj lghqwlfdwlrq dvvxpswlrq fruuhvsrqgv wr  A 3 iru dq| l dqg
lw fkdudfwhul}hv d vwurqj ghshqghqfh ehwzhhq wkh wzr udqgrp yduldeohv1 Lq
sduwlfxodu zh fdq gluhfwo| ghgxfh wkh Irxulhu ghfrpsrvlwlrq ri wkh lqyhuvh
ri W W8W8 iurp wkh rqh ri W
W
8W8 1
516 Wkh yduldeohv lq frpprq fdvh
Zh qrz dvvxph wkdw ] dqgZ ehfrph +]>[, dqg +Z>[, uhvshfwlyho|/ zkhuh
]/ [ dqg Z kdyh qr hohphqw lq frpprq1 Wkh frqglwlrq +5=4, ehfrphv=
\ @ * +]>[, . X / H^X m [>Z ` @ 31 +51:,
Wkh odvw frqglwlrq frxog eh h{whqghg wr H^X m [>Z ` @ H^X m [` +vhh
Ioruhqv/ Khfnpdq/ Phjklu/ Y|wodflo +5334,,/ exw wklv fdvh zloo qrw eh dqd0
o|}hg khuh1
Wkh jhqhudo lghqwlfdwlrq frqglwlrq jlyhq lq Sursrvlwlrq 514 uhpdlqv
wuxh li lw lv vwdwhg frqglwlrqdoo| wr wkh h{rjhqrxv yduldeohv [ +vhh Ioruhqv/
Prxfkduw/ Urolq +4<<3,/ 8,=
Sursrvlwlrq 515 = * lv lghqwldeoh li dqg rqo| li ] lv frqglwlrqdoo| vwurqjo|
lghqwldeoh e| Z / jlyhq [/ wkdw lv li=
H ^# +]>[, m [>Z ` @ 3 d1v1 , # @ 3 d1v1
Xqiruwxqdwho|/ wkh phwkrgrorj| sxw iruzdug lq wklv sdshu fdqqrw eh
ixoo| h{whqghg wr wklv jhqhudo fdvh vlqfh wkh yduldeohv lq frpprq [ suhyhqw
wkh frqglwlrqdo h{shfwdwlrq rshudwru ri +]>[, jlyhq +[>Z , wr eh dq Kloehuw
Vfkplgw rshudwru +Dvvxpswlrq D14 lv qr pruh ixooohg,1
Krzhyhu/ zh duh jrlqj wr eh deoh wr h{whqg rxu phwkrgrorj| wr vrph
vhsdudeoh fdvhv ri wkh iroorzlqj irup=
* +]>[, @  +[, .
u[
'
 +[,+],/ +51;,
zkhuh ]/ c @ 4> ===> O/ duh vxeyhfwruv ri ] zlwk qr hohphqwv lq frpprq1
Qrwh wkdw +5=;, lv txlwh jhqhudo vlqfh lw hqfrpsdvvhv lq sduwlfxodu wkh fodvv
ri dgglwlyh prghov +O @ 4/  +[, @ 4, zklfk duh zlgho| xvhg iru ghdolqj
8 Lq wklv fdvh @P`~ ' f 'i A
W
8 E@
`  ' f
<
zlwk wkh fxuvh ri glphqvlrqdolw|1 Wkh fdvh ri glvfuhwh h{sodqdwru| yduldeohv
] +wuhdwphqw prghov/ vhh h1j1 Dedglh +5334,/ Gdv +5334,, lv dovr qhvwhg lq
+5=;,/ zlwk ]> c @ 4> ===> O ehlqj d froohfwlrq ri elqdu| yduldeohv1
Wkh edvlf lghd ri wkh h{whqvlrq ri rxu lqihuhqfh phwkrgrorj| wr wkh
jhqhudo vhwwlqj +5=;, lv wkh fdqfhoodwlrq ri wkh uroh ri wkh yduldeohv lq frpprq
[ e| wkh iroorzlqj uhjuhvvlrq htxdwlrq=
\ H^\ m [` @
u[
'
 +[, ++],H ^+], m [`, . X= +51<,
Wkhuhiruh/ wkh hvwlpdwlrq ri vxfk dgglwlyh pxowlsolfdwlyh lqvwuxphqwdo uh0
juhvvlrq prgho zloo frpelqh lqyhuvlrqv ri uhjxodul}hg frqglwlrqdo h{shfwdwlrq
rshudwru dqg edfnwwlqj1 Wkh whfkqlfdo ghwdlov ri wklv h{whqvlrq duh eh|rqg
wkh vfrsh ri wklv sdshu dqg rqo| wkh qr yduldeohv lq frpprq fdvh zloo eh
h{solflwo| frqvlghuhg lq wkh iroorzlqj vhfwlrqv1 Lw lv qhyhuwkhohvv zruwkzkloh
wr qrwlfh wkdw wkh lghqwlfdwlrq lvvxhv duh hdv| wr dgguhvv lq wkh jhqhudo
vhwwlqj +5=;,1
Iluvw/ lw doorzv xv wr zhdnhq wkh lghqwlfdwlrq dvvxpswlrq ri sursrvlwlrq
5151
Ghqlwlrq 516 ] lv frqglwlrqdoo| olqhduo| lghqwldeoh e| Z jlyhq [ li iru
dq| idplo| + +[, >  +],, l @ 4> ===> q ri vtxduh lqwhjudeoh ixqfwlrqv=
?[
'
 +[,H ^ +],H + +], m[, m[>Z ` @ 3 d1v1
@,
?[
'
 +[, ^ +],H + +], m[,` @ 3 d1v1
Ri frxuvh/ li wkh udqgrp yduldeoh [ lv ghjhqhudwh/ frqglwlrqdo olqhdu
lghqwlfdwlrq lv dvnlq wr vwurqj lghqwlfdwlrq ri ] e| Z= Exw lq jhqhudo/
frqglwlrqdo olqhdu lghqwlfdwlrq ri ] e| Z> jlyhq [> lv d zhdnhu dvvxpswlrq
wkdq frqglwlrqdo vwurqj lghqwlfdwlrq1 Wr vhh wkdw wklv frqglwlrq lv zhoo0
vxlwhg wr wkh vhwwlqj +41;,/ ohw xv frqvlghu zlwkrxw orvv ri jhqhudolw| wkh
sduwlfxodu fdvh O @ 4 =
* +]>[, @  +[, .  +[, +], > +5143,
zkhuh wkh ixqfwlrq  lv doorzhg wr ehorqj wr d vxevhw E ri O28 +[, =
W|slfdoo|/ E frqwdlqv rqo| wkh frqvwdqw ixqfwlrqv lq wkh sduwlfxodu fdvh ri
dgglwlyh prghov1 Wr ghdo zlwk qrq frqvwdqw ixqfwlrqv  zh qhhg wr h{whqg
d frqfhsw ri phdvxudeoh vhsdudelolw|=
Ghqlwlrq 517
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+l, Wzr udqgrp yhfwruv [ dqg ] duh phdvxudeo| vhsdudeoh +ru yduldwlrq
iuhh, li dq| ixqfwlrq ri [ d1v1 htxdo wr d ixqfwlrq ri ] lv d1v1 frqvwdqw1
+ll, Wzr udqgrp yhfwruv [ dqg ] duh E vwrqjo| phdvxudeo| vhsdudeoh li
iru dq| e> f>g lqO28 +[, > O
2
8 +], dqg O
2
8 +], uhvshfwlyho| dqg iru dq|
 5 E/ wkh doprvw vxuh htxdolw|=
 +[, f +], @ e +[, g +], >
lpsolhv wkdw
0 Hlwkhu  dqg e duh frqvwdqw
0 ru f dqg g duh frqvwdqw
Wkh uvw frqfhsw ri phdvxudeoh vhsdudelolw| kdv ehhq lqwurgxfhg e| Ior0
uhqv/ Prxfkduw dqg Urolq +4<<3,1 Wkh vhfrqg frqfhsw lv vwurqjhu lq jhqhudo
lqvridu dv E frqwdlqv vrph frqvwdqw ixqfwlrqv1 D frxqwhuh{dpsoh lv surylghg
lq Dsshqgl{ H wr vkrz wkdw wkh wzr frqfhswv duh qrw htxlydohqw1 Krzhyhu/
E0vwurqj phdvxudeoh vhsdudelolw| dprxqwv wr phdvxudeoh vhsdudelolw| zkhq
E frqwdlqv rqo| frqvwdqw ixqfwlrqv1 Pruhryhu/ li lw zhuh srvvleoh wr glhu0
hqwldwh wkh lghqwlw| +{,f +}, @ e +{,  g +}, zlwk uhvshfw wr uhdo yduldeohv
{ dqg }> lw frxog hdvlo| eh vkrzq wkdw phdvxudeoh vhsdudelolw| lpsolhv E0
vwurqj phdvxudeoh vhsdudelolw|1
Frqglwlrqdo olqhdu lghqwldelolw| dqg E0vwurqj phdvxudeoh vhsdudelolw|
duh vx!flhqw wr lghqwli| wkh lqvwuxphqwdo uhjuhvvlrq ixqfwlrq +5143, xs wr
vrph qrupdolvdwlrq frqglwlrqv=
Sursrvlwlrq 516 Ohw xv frqvlghu wkh lqvwuxphqwdo uhjuhvvlrq ixqfwlrq gh0
qhg e|=
* +]>[, @  +[, .  +[, +], >
+> > , 5 DE  F>
li D>E>F vdwlvi|=
+l, Iru dq| / W 5 E>
S ^ +[, @ 3` @ 3>
W@ 5 E>
<d 5 U W @ f @, f @ 4=
+ll, Iru dq| > W 5 F>
3 @5 F>
<d 5 U W @  . d @, d @ 3=
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+lll, Zkhq F frqwdlqv vrph frqvwdqw ixqfwlrqv/ D frqwdlqv rqo| wkh qxoo
ixqfwlrq
+ly, [ dqg ] duh E0vwurqjo| phdvxudeo| vhsdudeoh/
Wkhq/ zkhq ] lv frqglwlrqdoo| olqhduo| lghqwldeoh e| Z> jlyhq [> wkh
ixqfwlrq > dqg  duh lghqwlhg1
6 H{lvwhqfh ri wkh lqvwuxphqwdo uhjuhvvlrq= dq loo0
srvhg lqyhuvh sureohp
D olqhdu lqyhuvh sureohp lv ghqhg e| wzr olqhdu vsdfhv J/ K/ dqg e| dq
htxdwlrq=
Oj @ k/ +614,
zkhuh j 5 J/ k 5 K/ dqg O d olqhdu rshudwru iurp J wr K1 Wklv htxdwlrq
pxvw eh vroyhg lq j1 Li wkhuh lv d frqwlqxrxv lqyhuvh rshudwru O3/ wkh
sureohp lv vdlg d zhoo0srvhg lqyhuvh sureohp1 Li O3 grhv qrw h{lvw ru lv
qrw frqwlqxrxv/ wkh lqyhuvh sureohp lv vdlg dq loo0srvhg rqh1 Qrq h{lvwhqfh
ri lqyhuvh phdqv wkdw qr vroxwlrq h{lvwv dqg qrq frqwlqxlw| lpsolhv wkdw
vpdoo shuwxuedwlrqv rq k pd| eh wudqviruphg lq odujh shuwxuedwlrqv ri wkh
vroxwlrq1
Loo0srvhg lqyhuvh sureohpv uhfhlyh d juhdw dwwhqwlrq lq wkh olwhudwxuh +vhh
h1j1 Zdked +4<:6,/ Qdvkhg/ Zdked +4<:7,/ Wlnkrqry/ Duvhqlq +4<::,/
Jurhwvfk +4<;7,/ Nuhvv +4<<;,1 Uhfhqw vxuyh|v ri dssolfdwlrqv ri lqyhuvh
sureohpv lq vwdwlvwlfv duh Ydq Urrlm/ Ux|pjdduw +4<<<, ru Ydsqln +4<<;,1
Iru hfrqrphwulf dssolfdwlrqv vhh h1j1 Fduudvfr/ Ioruhqv +5333d, dqg Ior0
uhqv +5333,1 Lq qlwh glphqvlrq/ olqhdu rshudwruv duh frqwlqxrxv/ exw wklv
surshuw| glvdsshduv lq lqqlwh glphqvlrq1 Pruhryhu/ li O lv d frqwlqxrxv
rqh wr rqh frpsdfw rshudwru iurp J wr J/ wkh udqjh ri O fdq eh htxdo wr
J rqo| li J lv qlwh glphqvlrqdo1 Zh zloo vhh wkdw lq jhqhudo wkh vroxwlrq
ri sureohp +5=6, grhv qrw h{lvw +ryhulghqwlfdwlrq sureohp,1 Wkh lqyhuvlrq
sureohp lv h{whqghg wr jhqhudol}hg lqyhuvhv zklfk duh qrw frqwlqxrxv1 Wkhq
wklv vroxwlrq lv wudqviruphg lqwr d uhjxodul}hg vroxwlrq1
614 Ryhulghqwlfdwlrq
Htxdwlrq +5=6, dgplwv d vroxwlrq li dqg rqo| li wkh uhjuhvvlrq ixqfwlrq u8
ehorqjv wr wkh udqjh ri W8 1 Edvlfdoo| wklv lv d surshuw| ri wkh fgi I 1 Vr zh
lqwurgxfh wkh vxevhw ri fgi vdwlvi|lqj lw=
If @ iI 5 I = u8 5 U+W8 , dqg Q +W8 , @ i3jj 1
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Li I 5 If wkh htxdwlrq +5=6, kdv dq xqltxh vroxwlrq=
* @ W38 u8 1 +615,
Dv douhdg| phqwlrqhg/ xqghu Dvvxpswlrq D=4=> wkh ixqfwlrq * fdq eh
frpsxwhg xvlqj Irxulhu ghfrpsrvlwlrq ri dq| ixqfwlrq ehorqjlqj wr O28 +],1
Zh rewdlq=
* +}, @
"[
'f
4

ku8 > #l* +}, / +616,
zkhuh ku8 > #l @ H ^u8 +Z ,#+Z ,` @ H ^\ #+Z ,`1 Wkh dvvxpswlrq I 5 If
lpsolhv wkdw wkh vhulhv +6=6, frqyhujhv lq O2 vhqvh1 Zh lqwurgxfh d zhoo
vshflfdwlrq k|srwkhvlv1
Dvvxpswlrq D15= Wkh gdwd jhqhudwlqj glvwulexwlrq I lv dq hohphqw ri If1
Krzhyhu/ zlwk xvxdo hvwlpdwruv aI ri I zklfk duh ri qlwh udqn/ iru dq|
Q> aI grhv qrw ehorqj wr If ehfdxvh wkh qxoo vhw ri W 	8 lv qrw uhgxfhg wr
}hur1
615 Jhqhudol}hg lqyhuvh
Zh uhsodfh htxdwlrq +5=6, e|=
* @ duj plq
bMu2
8
E~
nD+> I ,n21 +617,
Wklv dssurdfk lv txlwh xvxdo dqg wudqvirupv dq lqyhuvlrq sureohp lq d
jhqhudol}hg lqyhuvh sureohp1 Lw lv dovr vwdqgdug lq ryhulghqwlhg prghov wr
uhsodfh dq h{dfw frqglwlrq e| d plqlpl}dwlrq sureohp= wklv lv wkh fdvh lq wkh
JPP dqdo|vlv1 Zh gr qrw glvfxvv khuh wkh rswlpdolw| ri wkh wudqvirupdwlrq
ri dq h{dfw uhodwlrq wr d plqlpl}dwlrq sureohp1 Wklv txhvwlrq ehfrphv
gl!fxow lq wkh lqqlwh glphqvlrqdo fdvh +vhh h1j1 Fduudvfr/ Ioruhqv +5333d,,1
Wr hqvxuh wkh h{lvwhqfh ri d vroxwlrq iru +6=7,/ zh lqwurgxfh wkh iroorzlqj
vhw ri fgi =
IW @ iI 5 I = u8 5 U+W8 , .Q +W W8 ,j =
Iru dq| I / u8 5 U+W8 ,.Q +W W8 , @ O28 +Z , dqg wkhq IW pd| qrw frqwdlq
glvwulexwlrq vxfk wkdw U+W8 , lv qrw forvhg1 Krzhyhu e| ghqlwlrq/ If  IW
dqg wkhq wkh wuxh fgi lv lq IW1 Xvxdo hvwlpdwruv ri I ghwhuplqh rshudwruv
W 	8 zlwk qlwh glphqvlrqdo udqjh +dqg wkhq forvh, zklfk duh dovr hohphqwv
ri IW1 Wr hqvxuh xqltxhqhvv ri wkh vroxwlrq ri +6=7,/ zh frqvlghu wkh Prruh0
Shqurvh jhqhudol}hg lqyhuvh=
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Sursrvlwlrq 614 = Iru dq| I lq IW/ wkhuh lv d xqltxh ixqfwlrq * +vwloo
fdoohg wkh lqvwuxphqwdo ixqfwlrq, ri plqlpdo qrup/ vroxwlrq ri wkh rswl0
pl}dwlrq sureohp +6=7,1 Wklv vroxwlrq pd| eh ghfrpsrvhg lq=
* +}, @
[
*b 'f
4

ku8 > #l* +}, 1 +618,
D surri fdq eh irxqghg h1j1 lq Oxhqehujhu +4<9<, 91 Dfwxdoo| lw lv
hdv| wr fkhfn wkdw/ xqghu rxu lghqwlfdwlrq frqglwlrq/ wkh Prruh0Shqurvh
jhqhudol}hg lqyhuvh dprxqwv wr vroyh wkh iroorzlqj htxdwlrq zklfk lv lpsolhg
e| +5=6,=
W W8W8* @ W
W
8 u8 1 +619,
H{dpsoh 614= Ohw xv frqwlqxh H{dpsoh 5161 lq wkh qrupdo fdvh zlwk qrq
vlqjxodu yduldqfh pdwul{1 Li glpZ A glp]/ d vroxwlrq ri W8* @ u8 h{0
lvwv rqo| xqghu d sduwlfxodu dvvxpswlrq rq wkh yduldqfh pdwul{1 Li wklv
dvvxpswlrq lv qrw vdwlvhg zh fdq vroyh wkh plqlpl}dwlrq sureohp +6=7,1
Zh uvw orrn iru d vroxwlrq ri wklv sureohp lq wkh fodvv ri d!qh ixqf0
wlrqv *+], @ D] . e1 Lq wklv fodvv d xqltxh vroxwlrq wr +6=7, lv jlyhq
e|= D @ +	~`	
3
``	`~,
3	~`	
3
``	`t / dqg e @ t D~ 1 Dfwxdoo|/
zh jhw zlwk wklv ixqfwlrq wkh rqo| vroxwlrq ri +6=7, iru wkh iroorzlqj wzr
uhdvrqv=
l, D} . e vdwlvhv wkh frqglwlrq +6=9,>
ll, W W8W8 lv rqh wr rqh vlqfh udqn 	~` lv htxdo wr glp] +wklv iroorzv iurp
Fruroodu| 515,1
H{dpsoh 615= Ohw xv frqvlghu d elqdu| hqgrjhqrxv yduldeoh ] 5 i3> 4j1
Wkh lqvwuxphqwdo uhjuhvvlrq pxvw vdwlvi|= *+3,+4  s+z,, . *+4,s+z, @
H^\ m Z @ z`/ zkhuh s+Z , @ S ^] @ 4 m Z `1 Wkh prgho lv lghqwlhg li
s+Z , lv qrw frqvwdqw dqg wkh I vxfk wkdw * h{lvwv lv fkdudfwhul}hg e| wkh
surshuw|= H^\ m Z @ z` lv dq d!qh ixqfwlrq ri s+z,1 Wkxv/ wkh vroxwlrq
ri +6=9, lv reylrxvo| * +}, @ * +3, . +* +4, * +3,, }/ zlwk * +3, dqg * +4,
fkdudfwhul}hg e| wkh wzr iroorzlqj htxdwlrqv:=
* +3, . +* +4, * +3,,H^s +Z , m ] @ }` @ H^H^\ mZ ` m ] @ }`/
iru } @ 3> 41
9Dq dgglwlrqdo h{whqvlrq frxog eh rewdlqhg xvlqj Slfdug*v wkhruhp +vhh h1j1 Nuhvv
+4<<;,/ s1 5:<,1 Li o8 lv qrw lq ,EA8  n  EA
W
8 / exw lq ,EA8 / wkh vroxwlrq ) jlyhq lq
ED pd| vwloo eh xvhg li wkh vhulh frqyhujhv lq u2 +l1 h1
S
 b
32
 'o8 c 
2 	 ",1 Wklv
h{whqvlrq grhv qrw vhhp uhohydqw iru rxu dqdo|vlv ehfdxvh wkh 8 zh frqvlghu lv dvvxphg
wr eh lq 5f +wkh wuxh glvwulexwlrq, ru zlwk d qlwh udqjh +wkh hvwlpdwru,1
:Wklv phwkrg fdq hdvlo| eh h{whqghg wr wkh fdvh zlwk h{rjhqrxv yduldeohv f lq frp0
prq1 Lq wklv fdvh/ wkh wzr xqnqrzq ) Ef dqg ) E duh ixqfwlrq ri f Zlwk reylrxv
qrwdwlrqv/ wkh wzr htxdwlrqv ehfrphv= )f E% n E) E% 3 )f E%.dR E`   ~ ' 5cf '
%o ' . d. dt  ` ' cf ' %o  ~ ' 5cf ' %o/ 5 ' fc 
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616 Loo0srvhg sureohp uhjxodul}dwlrq
H{fhsw lq wkh sduwlfxodu fdvhv zkhuh zh fdq uhvwulfw * wr ehorqj wr d qlwh
glphqvlrqdo vsdfh +vhh H{dpsohv 614 dqg 615,/ wkh lqlwldo sureohp +5=6, lv dq
loo0srvhg sureohp iru d jhqhudo I ehfdxvh W8 lv qrw lqyhuwleoh1 Li I 5 IW zh
kdyh ghqhg d vroxwlrq e| +6=8, exw wkh sureohp uhpdlqv loo0srvhg ehfdxvh
wkh vroxwlrq lv qrw frqwlqxrxv lq u8 1 Iru h{dpsoh li u8 lv shuwxuehg lq
u8 . # +zlwk  duelwudulo| vpdoo,/ wkh shuwxuehg * lv htxdo wr * .
B
b
#
zklfk fdq eh yhu| odujh ehfdxvh  $ 31 +iru ghwdlov vhh Wlnkrqry/ Duvhqlq
+4<::, ru Nuhvv +4<<;,,1 Zh qhhg wr ghqh d uhjxodul}hg vroxwlrq wr rxu
sureohp zklfk vdwlvhv d frqwlqxlw| frqglwlrq;1
D uvw zd| wr uhjxodul}h wkh vroxwlrq lv wr wuxqfdwh wkh vxp lq +6=8,1 Dv
wkh hljhqydoxhv duh udqnhg lq d ghfuhdvlqj rughu/ zh fdq nhhs rqo| wkh uvw
n . 4 hljhqydoxhv=
*& +}, @
&[
'f
4

ku8 > #l* +}, 1 +61:,
Zh fdq dovr holplqdwh wkh hljhqydoxhv wkdw duh vpdoohu wkdq d jlyhq
wkuhvkrog +vshfwudo fxw0r ru wkuhvkroglqj uhjxodul}dwlrq,=
*br +}, @
[
*b:br
4

ku8 > #l* +}, 1 +61;,
Lw lv zruwk qrwlflqj wkdw wkh zd| fkrvhq e| Qhzh|/ Srzhoo +5333, wr
flufxpyhqw wkh sureohp e| uhvwulfwlqj wkh vhw  ryhu zklfk hvwlpdwlrq lv
fduulhg rxw wr eh d frpsdfw vxevhw ri d qruphg vhw ri ixqfwlrqv +zkhq 
ghqrwhv wkh vhw ri srvvleoh vroxwlrqv *, pljkw eh lqwhusuhwhg dv d w|sh ri
uhjxodul}dwlrq +iru uhjxodul}dwlrq e| frpsdfwlfdwlrq vhh W|nkrqry/ Duvhqlq
+4<::,,1 Lq wklv sdshu zh xvh d glhuhqw uhjxodul}dwlrq/ fdoohg Wlnkrqry
uhjxodul}dwlrq1 Wkh lqlwldo sureohp W8* @ u8 lv wudqviruphg lq=
+L . W W8W8 ,*
k @ uW8 / +61<,
zkhuh  A 3 lv d jlyhq qxpehu/ dqg uW8 @ W
W
8 u8 1 Wklv htxdwlrq lv dq lqwhjudo
Iuhgkrop w|sh LL htxdwlrq zklfk fdq eh zulwwhq +lq wkh fdvh ri d grplqdwhg
suredelolw|, dv=
*k +}, .
]
*k +x,d +x> },gx @
]
|e+|> },g|/ +6143,
zkhuh=
d+x> }, @
]
i+=> x> z,
i+=> => z,
i+=> }>z,
i+=> }> =,
gz/ +6144,
;Wklv frqwlqxlw| frqglwlrq lv qhfhvvdu| wr ghgxfh d frqvlvwhqw hvwlpdwru ri ) iurp d
frqvlvwhqw hvwlpdwru ri o8 1
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dqg
e+|> }, @
]
i+|> =>z,
i+=> => z,
i+=> }> z,
i+=> }> =,
gz1 +6145,
Xqghu Dvvxpswlrq D=4= wkh vroxwlrq ri +6=<, fdq eh frpsxwhg xvlqj
Irxulhu ghfrpsrvlwlrq1 Zh rewdlq=
*k +}, @
"[
'f

. 2
ku8 > #l* +}, 1 +6146,
Iru d {hg / wkh sureohp +6=<, lv zhoo0srvhg1 Lqghhg +L . W W8W8 ,
3 lv
erxqghg vlqfh n+L.W W8W8 ,3n ? k / dqg wkhq frqwlqxrxv1 Pruhryhu/ zkhq
 jrhv wr 3/ *k frqyhujhv lq O2 wr * +vhh Nuhvv +4<<;,/ 4818,1
Zh fdq lqwhusuhw wkh Wlnkrqry uhjxodul}dwlrq dv d shqdol}hg yhuvlrq ri
wkh rswlpl}dwlrq sureohp +6=7,/ l1h=
*k @ duj plq
bMu2
8
E~
nD+>I ,n2 . nn21 +6147,
7 Vwdwlvwlfdo Lqyhuvh Sureohp
714 Hvwlpdwlrq
Wkh mrlqw glvwulexwlrq ri +\>]>Z , lv qrw nqrzq dqg lv hvwlpdwhg iurp wkh
revhuydwlrqv ri d vdpsoh ri wklv udqgrp yhfwru1
Dvvxpswlrq D16= Wkh gdwd +|?> }?> z?,/ q @ 4> ===> Q / ghqh dq l1l1g vdp0
soh ri +\>]>Z ,1
Wklv lqghshqghqfh lv d vlpsoli|lqj dvvxpswlrq dqg frxog eh h{whqghg wr
zhdno| ghshqghqw +vwdwlrqdu| pl{lqj, revhuydwlrqv1
Zh hvwlpdwh I xvlqj d nhuqho vprrwklqj ri wkh hpslulfdo glvwulexwlrq1
Wkh hvwlpdwru aI lv ghqhg wkurxjk lwv ghqvlw| z1u1w1 wkh Ohehvjxh phdvxuh=
ai +|> }>z, @
4
Q
[
?'
N+c+ +|  |?,N5c5 +}  }?,Nc +z z?, /
zkhuhN+/N5/N duh uhvshfwlyho| 4/ s/ dqg t glphqvlrqdo nhuqhov/ k+ / k5 /
k duh wkuhh edqgzlgwkv/ dqg iru h{dpsoh N5c5 +}  }?, @ k3R5N5++} 
}?,@k5 ,1 Lq wkh dssolfdwlrqv/ wkh edqgzlgwkv glhu/ exw wkh| duh doo wkh
vdph vshhg uhsuhvhqwhg lq wkh iroorzlqj e| wkh qrwdwlrq k 1 Zh dvvrfldwh
wr aI hvwlpdwhg rshudwruv W 	8
dqg W W	8
1 Wkhvh rshudwruv duh qrw rqh wr
rqh dqg kdyh d qlwh glphqvlrqdo udqjh1
Lq wkh vdph zd| I fdq eh uhsodfhg e| aI lq doo wkh Irxulhu ghfrpsr0
vlwlrqv suhvhqwhg suhylrxvo| wr rewdlq dq lqgluhfw hvwlpdwru ri *1 Lq prvw
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xvxdo lqyhuvh sureohpv/ wkh uljkw kdqg vlgh ri wkh htxdwlrq Oj @ k lv re0
vhuyhg zlwk huuruv ru hvwlpdwhg exw wkh rshudwru O lv shuihfwo| nqrzq1 Lq
rxu sureohp erwk O dqg k duh xqnqrzq dqg hvwlpdwhg1 Lq rwkhu zrugv/ zh
duh idfhg zlwk wkh vwrfkdvwlf loo0srvhg sureohp dv lq Ydsqln +4<<;,/ :1 Wkh
lpsolfdwlrqv ri wkh xqnqrzq fkdudfwhu ri O pd| eh vhhq lq sduwlfxodu lq wkh
glvfxvvlrq ri Dvvxpswlrq D18 +vhh Dsshqgl{ E,1
Ghqlwlrq 714 = Li  lv d srvlwlyh Q0ghshqghqw qxpehu/ zh fdoo hvwlpdwhg
lqvwuxphqwdo uhjuhvvlrq ixqfwlrq wkh +xqltxho| ghqhg, ixqfwlrq=
a*
k

 +}, @ + L . W
W
	8
W 	8
,3uW	8
/ +714,
zlwk uW	8
@ W W	8
u 	8 1
Htxlydohqwo| wkh hvwlpdwhg lqvwuxphqwdo uhjuhvvlrq ixqfwlrq a*k vdwlvhv
wkh lqwhjudo htxdwlrq=
 a*
k
 +}, .
]
a*k +x,ed +x> },gx @ ] |ee +|> },g|/ +715,
zkhuh ed +x> }, dqg ee +|> }, duh wkh nhuqho hvwlpdwruv ri d +x> }, dqg e+|> },
lqwurgxfhg lq Vxevhfwlrq 6161 Wklv hvwlpdwru fdq eh frpsxwhg gluhfwo| dv d
vroxwlrq ri +715, dqg lw uhgxfhv wr d qlwh glphqvlrqdo lqyhuvh sureohp1 Wkh
sudfwlfdo lpsohphqwdwlrq ri wklv frpsxwdwlrq lv ghwdlohg lq Dsshqgl{ G1
Qrwh wkdw wkh frpsxwdwlrq ri hvwlpdwruv ri / */ #/ duh qrw uhtxluhg dqg
wkh dv|pswrwlf surshuwlhv ri a*
k
 gr qrw uhvw xsrq wkh dv|pswrwlf surshu0
wlhv ri wkh hvwlpdwruv ri hljhqydoxhv dqg hljhqyhfwruv +vhh Gduroohv/ Ioruhqv/
Jrxulìurx{ +4<<;, dqg Fkhq/ Kdqvhq dqg Vfkhlqnpdq +5333, iru d vwdwh0
phqw ri wkhvh odwhu surshuwlhv,1
Hvwlpdwlrq ri wkh lqvwuxphqwdo uhjuhvvlrq ixqfwlrq uhtxluhv frqvlvwhqw
hvwlpdwlrqv ri W W8W8 dqg u
W
8 1 Wkh pdlq remhfwlyh ri wklv vhfwlrq lv wr ghulyh
wkh vwdwlvwlfdo surshuwlhv ri wkh hvwlpdwhg lqvwuxphqwdo uhjuhvvlrq ixqfwlrq
iurp wkh vwdwlvwlfdo surshuwlhv ri wkh hvwlpdwruv ri W W8W8 dqg u
W
8 1 Zh xvh
nhuqho vprrwklqj whfkqltxhv wr pdnh wkh sdshu pruh xvhu0iulhqgo|/ exw zh
fdq jhqhudol}h wkh dssurdfk dqg xvh dq| rwkhu qrqsdudphwulf whfkqltxhv
+iru d vlhyh dssurdfk/ vhh Fkhq/ Vkhq +4<<;,,1 Wkh pdlq srlqw lv wkh vshhg
ri frqyhujhqfh ri wkh qrupv jlyhq iru nhuqho vprrwklqj e| Dvvxpswlrqv D17
dqg D18 ehorz1
715 Frqvlvwhqf| dqg vshhg ri frqyhujhqfh
Xvxdo qrqsdudphwulf hvwlpdwlrq lv hvvhqwldoo| irfxvhg rq wkh hvwlpdwlrq ri d
ixqfwlrq dw d sduwlfxodu ydoxh ri wkh yduldeohv1 Lq rxu fdvh/ wkh qrqsdudphwulf
hvwlpdwhv duh xvhg dv hohphqwv ri d ixqfwlrqdo htxdwlrq zklfk pxvw eh vroyhg/
lq rughu wr hvwlpdwh wkh ixqfwlrqdo sdudphwhu ri lqwhuhvw1
4:
Frqvlvwhqw hvwlpdwlrq ri wklv ixqfwlrq wkhq uhtxluhv wkdw W W	8
W 	8* dqg
u 	8 frqyhujh joredoo| wr wkhlu olplw +vhh h1j1 Nuhvv +4<<8,/ 48,1 D qdwxudo
w|sh ri frqyhujhqfh lv lq txdgudwlf phdq/ wkdw lv/ lq O28 +],1
Dvvxpswlrq D17= Wkhuh h{lvwv   5 vxfk wkdw< ; 5 O28 +],=
n+W W	8

W 	8

 W W8W8 ,n2 @ R

4
QkR
. k24

nn2

1
Dvvxpswlrq D18= Wkhuh h{lvwv   5 vxfk wkdw=
nuW	8

 W W	8

W 	8

*n2 @ R

4
Q
. k24

1
Zh vkrz lq Dsshqgl{ E wkdw vwdqgdug uhjxodulw| frqglwlrqv rq wkh wuxh
I dqg rq * lpso| wkdw Dvvxpswlrqv D17 dqg D18 duh vdwlvhg1 W|slfdoo|/
lq wkh fdvh ri nhuqho hvwlpdwlrq/  zloo eh wkh plqlpxp ehwzhhq wkh rughu
ri wkh nhuqho dqg wkh rughu ri glhuhqwldelolw| ri i 1 Lq rwkhu zrugv/ wkh udwh
ri frqyhujhqfh dsshdulqj lq Dvvxpswlrq D18 lq wkh vdph wkdq wkh udwh ri
frqyhujhqfh ri wkh nhuqho hvwlpdwlrqv ri W W	8
*1 Iru vlpsolflw|/ zh frqvlghu
wkh vdph  lq Dvvxpswlrqv D17 dqg D181 Wklv frqglwlrq lv vdwlvhg li zh
wdnh wkh plqlpxp lq fdvh ri glhuhqw ydoxhv ri 1
Dv douhdg| dqqrxqfhg/ wkh fxuvh ri glphqvlrqdolw| lv elqglqj rqo| zlwk
uhvshfw wr wkh glphqvlrq  ri ] dqg qrw zlwk uhvshfw wr wkh glphqvlrq t ri
Z= Dfwxdoo|/ zh zloo vhh qrz wkdw iru wkh sxusrvh ri hvwlpdwlrq ri */ odujhu
lv wkh udqjh ri W W8 / wkdw lv ulfkhu lv wkh vhw Z ri lqvwuxphqwv/ ehwwhu lw lv1
Frqyhujhqfh surshuw| ri a*
k
 lv ghgxfhg iurp wkh iroorzlqj ghfrpsrvl0
wlrq=
a*
k
  * @ +L . W W	8W 	8 ,
3^uW	8
 W W	8W 	8*`
. ^+ L . W
W
	8
W 	8
,3W W	8
W 	8
 +L . W W8W8 ,3W W8W8 `*
. *k  */
zkhuh *k lv ghqhg lq +6=<,1 Wkhq=
a*
k

  * @ +L . W W	8W 	8 ,
3^uW	8
 W W	8W 	8*`
 +L . W W	8W 	8 ,
3^W W	8
W 	8
 W W8W8 `+*k  *,
. *k  */
xvlqj
+L . W
W
8W8 ,
3W W8W8 @ L   +L . W W8W8 ,3/
<Doo wkh  E duh dfwxdoo| uhodwlyh wr wkh wuxh gdwd suredelolw| glvwulexwlrq1
4;
dqg/ dv d frqvhtxhqfh=
*k  * @  +L . W W8W8 ,3*1 +716,
Wkh deryh ghfrpsrvlwlrq hpskdvl}hv wkh wkuhh hohphqwv ri wkh glhuhqfh
ehwzhhq a*
k

 dqg *1 Wkh uvw whup lv gxh wr wkh hvwlpdwlrq ri wkh uljkw kdqg
vlgh u8 ri wkh htxdwlrq W8* @ u8 1 Wkh vhfrqg rqh lv gxh wr wkh hvwlpdwlrq
ri wkh rshudwru W8 / dqg wkh odvw rqh frph iurp wkh uhjxodul}dwlrq1
Ohw xv uhpdun wkdw n+L . W W	8W 	8 ,
3n2  4@2 +vhh h1j1 Jurhwvfk
+4<;7,, dqg uhfdoo wkdw  $ 3 lpsolhv n*k  *n $ 3 e| yluwxh ri wkh
lghqwlfdwlrq dvvxpswlrq +vhh h1j1 Nuhvv +4<<;,,1 Ilqdoo|/ zh rewdlq wkh
iroorzlqj wkhruhp1
Wkhruhp 714 = Xqghu Dvvxpswlrqv D140D18/
l, na*k  *n2
@ R


k2



 . k
24


. 
k2



R

. k24

n*k  *n2 . n*k  *n2

ll, li  $ 3/ k24 @2 $ 3/ k2

R

 R+4,/ wkhq na*k  *n $ 3 lq
suredelolw| dv Q $41
D qdwxudo txhvwlrq frqfhuqv qrz wkh vhohfwlrq uxoh ri wkh wzr uhjxodul}d0
wlrq sdudphwhuv  dqg k lq rughu wr rswlpl}h wkh vshhg ri frqyhujhqfh
ri a*k wr *1
Dv vkrzq e| D17 dqg D18/ k kdv wr eh vhhq dv d vprrwklqj sdudphwhu
iru wkh qrqsdudphwulf uhjuhvvlrq rq ] ri wkh yduldeohv u8 dqg W8*= Wkh
frqyhujhqfh wr }hur ri wkh uhjxodul}dwlrq sdudphwhu  zloo hqvxuh wkh frq0
yhujhqfh ri *k wrzdugv wkh wuxh xqnqrzq * dw d udwh ghshqglqj xsrq wkh
ulfkqhvv ri wkh vhw Z ri lqvwuxphqwv1 Zh fkrrvh wr phdvxuh wklv ulfkqhvv
gluhfwo| wkurxjk wkh vshhg  ri frqyhujhqfh ri *k wrzdugv *=
Ghqlwlrq 715 = Iru 3 ?   5/ q lv wkh vhw ri ixqfwlrqv * ri O28 +],
vxfk wkdw=
n*k  *n2 @ R+q ,1
Zh zloo vd| wkdw q lv wkh vhw ri ixqfwlrqv 0 lqvwuxphqwdol}deoh e| Z=
Qrwh wkdw lv * lv 0lqvwuxphqwdol}deoh e|Z> lw lv d iruwlrul 0lqvwuxphqwdol}deoh
iru  ? =
Wr xqghuvwdqg Ghqlwlrq 715/ lw lv zruwkzkloh wr uhihu wr wkh iroorzlqj
ghfrpsrvlwlrq uhvxowlqj iurp +7=6,=
n*k  *n2 @
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'f
2
2 . 5
2
 . 
e

k*>*l2/ +717,
4<
zklfk lpsolhv wkdw n*k *n2 lv qrw juhdwhu wkdq wkh vxp ri dq|rqh ri wkh
iroorzlqj wzr vhulhv=
2
"[
'f
k*>*l2
e
/ +718,
dqg

5
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'f
k*>*l2
2
1 +719,
Vlqfh 2 ghqh wkh m0wk vtxduhg qrqolqhdu fdqrqlfdo fruuhodwlrq ehwzhhq
Z dqg ] +vhh h1j1 Odqfdvwhu +4<9;, dqg Gduroohv/ Ioruhqv/ Uhqdxow +4<<;,,/
wkh frqyhujhqfh ri wkhvh vhulhv phdqv wkdw wkhvh fruuhodwlrqv duh vx!flhqwo|
odujh/ wkdw lv wkdw wkh lqvwuxphqwv duh vx!flhqwo| ulfk1 Lq wkh ehvw idyrudeoh
fdvh/ zh kdyh=
"[
'f
k*>*l2
e
? .4/
dqg  @ 51 Wklv lv ri frxuvh wkh fdvh lq sduwlfxodu li wkh ixqfwlrq * lv
vsdqqhg e| d qlwh vhw ri fdqrqlfdo yduldeohv *1Wklv lpsolhv wkdw dq| q lv
ghqvh lq O28 +},1 Exw d pruh jhqhudo fdvh
43 lv=
"[
'f
k*>*l2
2
? .4/
zklfk doorzv xv wr fkrrvh  @ 41 Qrwh wkdw wklv odvw frqglwlrq lv lq sduwlfxodu
ixooohg li * ehorqjv wr wkh udqjh U+W W8 , ri W W8 vlqfh lq wklv fdvh=
k*>*l2 @ kW W8 >*l2 @ 2 k>#l2/
dqg
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'f
k*>*l2
2
@
"[
'f
k>#l2 @ nn21
Wr frqfoxgh/ lqvwuxphqwdo uhjuhvvlrq qhhgv d vx!flhqwo| ulfk vhw Z ri
lqvwuxphqwv dw wzr vwdjhv=
l, rq wkh rqh kdqg/ dv vkrzq e| Fruroodu| 514/ wkh udqjh U+W W8 , wkdw lv wkh
vsdfh ri ixqfwlrqv ri wkh irup H ^# +Z , m ]`/ kdv wr eh ghqvh lq O28 +], wr
lghqwli| wkh lqvwuxphqwdo uhjuhvvlrq *1
43Zh wkdqn Z1 Qhzh| iru gudzlqj rxu dwwhqwlrq rq wklv jhqhudo fdvh1
53
ll, rq wkh rwkhu kdqg/ li wklv udqjh lv htxdo wr O28 +], +dv lq wkh qlwh
glphqvlrqdo fdvh, ru dw ohdvw frqwdlqv wkh wuxh xqnqrzq *> wkhq wkh udwh 
ri frqyhujhqfh wrzdugv * ri wkh vhtxhqfh ri lwv Wlnkrqry uhjxodul}dwlrqv lv
qrw vpdoohu wkdq rqh1
Wklv odvw uhpdun h{whqgv wkh qrwlrq ri zhdn lqvwuxphqwv dv sursrvhg e|
Qhovrq/ Vwduw}/ ]lyrw +4<<;,/ Vwudljhu dqg Vwrfn +4<<:, dqg Zdqj dqg ]lyrw
+4<<;,1 Zlwk  dv phdvxuh ri wkh ulfkqhvv ri wkh lqvwuxphqwv/ zh zloo vd|
wkdw zhdn lqvwuxphqwv fruuhvsrqg wr  vpdoohu wkdq rqh1 Ri frxuvh/ iru d
jlyhq ixqfwlrq *>rqh zloo wu| wr ghqh d vhw Z ri lqvwuxphqwv vxfk wkdw *
lv 0lqvwuxphqwdol}deoh iru vrph   4=
Jhqhudoo| vshdnlqj/ wkh h{lvwhqfh ri  jxdudqwhhv d plqlpxp udwh ri
frqyhujhqfh ri rxu hvwlpdwru a*k wrzdugv * iru d frqyhqlhqw fkrlfh ri wkh
uhjxodul}dwlrq sdudphwhu k dqg  1
Wkhruhp 715 = Xqghu Dvvxpswlrqv D40D8/ zh jhw=
Q
q
2nq na*k  *n2 @ R +4, /
li * 5 !q/ R24  q2nq dqg
 @ nQ
3 
2nq /
k @ n2Q
3 
24 /
zkhuh ndqg n2 duh frqvwdqw whupv1
Qrwh wkdw Wkhruhp 715/ zklfk lv d gluhfw frqvhtxhqfh ri Wkhruhp 714 l,/
surylghv rqo| d orzhu erxqg wr wkh udwh ri frqyhujhqfh zkloh wkh dfwxdo rqh
vkrxog eh juhdwhu wkdq q2nq = Vhyhudo uhpdunv derxw wkh xqghuo|lqj wudgh r
duh zruwk qrwlflqj=
l, Wkh udwh q2nq lv rswlpdo zlwk uhvshfw wr wkh erxqg
44 surylghg e| Wkh0
ruhp 714 l,1 Wkh ohdglqj whup ri wkh frqyhujhqfh lv wkhq surylghg e| wkh
hvwlpdwlrqv ri uW8 dqg e| wkh uhjxodul}dwlrq1 Wklv vshhg ri frqyhujhqfh lv
qrw lq xhqfhg e| wkh vwdwlvwlfdo xqfhuwdlqw| derxw wkh rshudwru W W8W8 wkdw
rqh kdv wr lqyhuw1
ll, Wr jhw wklv rswlpdo udwh ri frqyhujhqfh/ zh kdyh xqghuvprrwkhg wkh
hvwlpdwlrq ri W W8W8 e| fkrrvlqj k @ Q
3 
24 lqvwhdg ri wkh odujhu rqh k @
44Wkh wuxh rswlpdo fkrlfh ri k dqg  / zklfk zrxog kdyh frqvlghuhg gluhfwo|
8	)kQ 3 )8 dqg qrw lwv xsshu erxqg jlyhq e| Wkhruhp 714 zrxog kdyh ghshqghg rq
wkh ehkdylrxu ri wkh vhtxhqfhv b dqg ')c )1 Wklv lv dssduhqw iurp wkh dv|pswrwlf
suredelolw| glvwulexwlrqv ghulyhg lq wkh qh{w vxevhfwlrq1
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Rn24 zklfk zrxog kdyh ehhq rswlpdo iru wkh qrq sdudphwulf hvwlpdwlrq ri
W W8W8 = Wkh uhvxowlqj kljkhu yduldqfh ri W
W
	8
W 	8
kdv d qhjoljleoh frvw iru wkh
sxusrvh ri wkh hvwlpdwlrq ri * zlwk uhvshfw wr wkh wzr rwkhu frvwv= vwdwlvwlfdo
xqfhuwdlqw| derxw uW8 dqg uhjxodul}dwlrq eldv1 Dfwxdoo|/ d odujhu k zrxog
kdyh lqfuhdvhg wkh eldv ri wkh hvwlpdwru ri uW8 dqg ghwhulrudwhg
45 wkh joredo
udwh ri frqyhujhqfh ri a*k wrzdugv *=
lll, Wkhruhp 715 uhtxluhv d uhodwlrq ehwzhhq wkh ghjuhh ri vprrwkqhvv 
ri wkh ghqvlw| dqg  zklfk fdq eh lqwhusuhwhg dv wkh lghqwli|lqj srzhu ri
wkh lqvwuxphqwv derxw *1 Wklv uhodwlrq lv lq sduwlfxodu vdwlvhg lq wkh fdvh
s @ 4>  @ 5 dqg  @ 4= Li s @ 5 dqg  @ 4  pxvw eh juhdwhu ru htxdo wr 61
ly, Juhdwhu  lv/ idvwhu lv wkh rewdlqhg frqyhujhqfh ri a*k wrzdugv *= Lq
wkh prvw idyrudeoh fdvh +l1h1  @ 5,/ rqh jhwv na*k  *n @ R+Q3

2 , wkdw lv
d frqyhujhqfh wzlfh vorzhu wkdq lq wkh sdudphwulf fdvh1
Dfwxdoo|/ dv h{shfwhg/ wkh rswlpdo udwh q2nq lv lq jhqhudo vpdoohu wkdq
wkh udwh ri frqyhujhqfh 24Rn24 wkdw rqh zrxog kdyh rewdlqhg wkurxjk d vwdq0
gdug qrqsdudphwulf uhjuhvvlrq ri \ rq wkh s yduldeohv ]= Wkh lqhtxdolw|
24
Rn24 A
q
2nq lv lq sduwlfxodu jxdudqwhhg li s ? 5 +vlqfh   5,1
716 Dv|pswrwlf suredelolw| glvwulexwlrqv
Iru hfrqrplf dssolfdwlrqv/ rqh pd| eh lqwhuhvwhg hlwkhu e| wkh xqnqrzq
ixqfwlrq *+], lwvhoi/ ru rqo| e| lwv prphqwv/ lqfoxglqj fryduldqfhv zlwk
vrph nqrzq ixqfwlrqv1 Wkhvh prphqwv pd| iru lqvwdqfh eh xvhixo iru whvwlqj
hfrqrplf vwdwhphqwv derxw vfdoh hfrqrplhv/ hodvwlflwlhv ri vxevwlwxwlrqv/ dqg
vr rq1
Iru vxfk whvwv/ rqh zloo rqo| qhhg wkh hpslulfdo frxqwhusduwv ri wkhvh
prphqwv dqg wkhlu dv|pswrwlf suredelolw| glvwulexwlrq1 Dq lpsruwdqw dg0
ydqwdjh ri wkh lqvwuxphqwdo yduldeoh dssurdfk lv wr doorz wr hvwlpdwh wkh
fryduldqfh ehwzhhq *+], dqg +], iru d odujh fodvv ri ixqfwlrqv1 Dfwxdoo|
rxu lghqwlfdwlrq dvvxpswlrq dprxqwv wr hqvxuh wkdw wkh udqjh U+W W8 , lv
ghqvh lq O28 +], +vhh Fruroodu| 515, dqg iru dq|  lq wklv udqjh=
<# 5 O28 +Z ,/ +], @ H^# +Z , m ]`/
dqg wkhqFry^*+],> +],` @ Fry^*+],> H^# +Z , m ]`` @ Fry^*+],> # +Z ,` @
Fry^H^*+], mZ `> # +Z ,` @ Fry^\> # +Z ,`/ fdq eh hvwlpdwhg zlwk vwdqgdug
sdudphwulf whfkqltxhv1 Iru lqvwdqfh/ li H^+],` @ 3/ wkh hpslulfdo frxqwhu0
45Ri frxuvh/ rqh frxog dovr fkrrvh iru wkh hvwlpdwlrq ri A W8A8 d edqgzlgwk  glhuhqw
iurp wkh rqh xvhg iru hvwlpdwlqj oW8 1 Exw/ wklv zrxog qrw lpsuryh wkh joredo vshhg ri
frqyhujhqfh ri )kQ wr )
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sduw ri Fry^\># +Z ,`/ l1h1=
4
Q
[
?'
|?# +z?, /
lv d urrw0Q frqvlvwhqw hvwlpdwru ri Fry^*+],> +],`/ dqg=
s
Q
%
4
Q
[
?'
|?# +z?,Fry^*+],> +],`
&
_$Q +3> Y du^\ # +Z ,`,/
zkhuh Y du^\ # +Z ,` zloo dovr eh hvwlpdwhg e| lwv vdpsoh frxqwhusduw461
Krzhyhu lq sudfwlfh wklv dqdo|vlv kdv yhu| olplwhg lqwhuhvw ehfdxvh hyhq
li  lv jlyhq/ # lv qrw nqrzq dqg pxvw eh hvwlpdwhg e| vroylqj wkh lqwh0
judo htxdwlrq +], @ H^#+Z , m ]`/ zkhuh wkh frqglwlrqdo glvwulexwlrq ri Z
jlyhq ] lv dovr hvwlpdwhg1
Wkhq wkh uhdo sureohp ri lqwhuhvw lv wr hvwlpdwh Fry^*+],> +],`/ ru
k*> l e| uhsodflqj * e| a*k wr ghulyh wkh dv|pswrwlf glvwulexwlrq ri wklv
hvwlpdwlrq surfhgxuh1
Zh voljkwo| vlpsoli| rxu dqdo|vlv li zh lqwurgxfh dq krprvnhgdvwlflw|
dvvxpswlrq1
Dvvxpswlrq D19= Wkh huuru whup lv krprvnhgdvwlf= Y du^X mZ ` @ 21
Pruhryhu/ vlqfh rxu hvwlpdwru a*k lv ghqhg dv wkh vroxwlrq ri wkh htxd0
wlrq=
+L . W
W
	8
W 	8
,* @ W W	8
u 	8 /
lwv dv|pswrwlf ehkdylru ghshqgv xsrq wkh uljkw kdqg vlgh W W	8
u 	8 ri wklv
htxdwlrq1 Wklv uljkw kdqg vlgh lqyroyhv wzr qhvwhg vwdqgdug ixqfwlrqdo hv0
wlpdwlrqv zkrvh vwxg| lv qrw wkh irfxv ri lqwhuhvw ri wklv sdshu1 Wklv lv wkh
uhdvrq zk| zh zloo rqo| pdlqwdlq d qdwxudo dvvxpswlrq derxw lw=
Dvvxpswlrq D1:= Iru d vxlwdeoh fkrlfh ri k /
s
Q+W W	8
u 	8  W
W
	8
W 	8
*, @,Q +3> 2W W8W8 ,1
46Iru wkh sxusrvh ri lqwhusuhwdwlrq/ lw lv zruwkzkloh wr uhodwh wklv wrwdo yduldqfh wr wkh
xqghuo|lqj uhjuhvvlrq htxdwlrq=
T @odt  E` o ' T @od)E~ E` o n.dEL2 n 2L)E~2 E` o/
wkdw lv
T @odt  E` o ' T @od)E~ E` o n.d2 E` T @odL ` oo
n2.d2 E` JdLc )E~` oo1
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Wkh suhylrxv frqyhujhqfh lv d ixqfwlrqdo frqyhujhqfh lq glvwulexwlrq lq
wkh Kloehuw vsdfh O28 +], +vhh h1j1 Ydq ghu Ydduw/ Zhooqhu +4<<9,,1 Dsshqgl{
E vkrzv wkdw wklv dvvxpswlrq lv vdwlvhg xqghu uhjxodulw| frqglwlrqv rq wkh
gdwd ghqvlw|1
Rxu surri uhtxluhv d orzhu erxqg frqglwlrq rq wklv ghqvlw|1 Wklv frq0
glwlrq fdq eh dyrlghg xqghu vrph whfkqlfdolwlhv zklfk prgli| lq sduwlfxodu
wkh dv|pswrwlf yduldqfh rshudwru ri wkh qrupdo glvwulexwlrq1 Wklv h{whqvlrq
lv frqvlghuhg lq Dsshqgl{ F1
Zh kdyh vlpsolhg wkh dv|pswrwlf glvwulexwlrq e| dvvxplqj d }hur phdq
zklfk lv rewdlqhg e| fkrrvlqj k ghfuhdvlqj idvwhu wkdq lwv rswlpdo ydoxh
+k @ R+Q
3E 
24
n0
,/ % A 3,1
Ohw xv uvw frqvlghu wkh fdvh zkhuh wkh uhjxodul}dwlrq sdudphwhu  lv
nhsw frqvwdqw1 Lq wkdw fdvh wkh olqhdu rshudwruv +L.W W	8
W 	8
,3 dqg +L.
W W8W8 ,
3 duh erxqghg dqg/ xvlqj d ixqfwlrqdo yhuvlrq ri wkh Voxwvn| wkhruhp
+vhh Fkhq/ Zklwh +4<<5,,/ lw lv lpphgldwho| fkhfnhg wkdw=
s
Q+a*k  *k  ek , @,Q +3>,/ +71:,
zkhuh
ek @ 
k
+L . W W	8
W 	8
,3  +L . W W8W8 ,3
l
*/
dqg
 @ 2+L . W W8W8 ,
3W W8W8 +L . W
W
8W8 ,
31
Vrph frpphqwv pd| looxvwudwh wklv uvw uhvxow=
l, Wkh frqyhujhqfh rewdlqhg lq +7=:, lv vwloo d ixqfwlrqdo glvwulexwlrqdo frq0
yhujhqfh lq wkh Kloehuw vsdfh O28 +],/ zklfk lq sduwlfxodu lpsolhv wkh frqyhu0
jhqfh ri vfdodu surgxfw
s
Qka*k  *k  ek > l wr vfdodu qrupdo glvwulexwlrq
Q +3> k>l,1
ll, Wkh frqyhujhqfh ri a*k lqyroyhv wzr eldv whupv1 Wkh uvw eldv lv *
k*1
Wklv whup lv gxh wr wkh uhjxodul}dwlrq dqg grhv qrw ghfuhdvh li  lv frqvwdqw1
Wkh vhfrqg rqh/ e iroorzv iurp wkh hvwlpdwlrq huuru ri W8 1 Wklv eldv
ghfuhdvhv wr }hur zkhq Q lqfuhdvhv/ exw dw d orzhu vshhg wkdq
s
Q 1
lll, Wkh dv|pswrwlf yduldqfh lq +7=:, fdq eh vhhq dv jhqhudol}dwlrq ri wkh wzr
vwdjh ohdvw vtxduhv dv|pswrwlf yduldqfh1 Dq lqwxlwlyh +exw qrw fruuhfw, lqwhu0
suhwdwlrq ri wklv uhvxow frxog eh wkh iroorzlqj= li  lv vpdoo/ wkh dv|pswrwlf
yduldqfh lv dssur{lpdwho| 2+W W8W8 ,
3/ zklfk lv wkh ixqfwlrqdo h{whqvlrq ri
2+H+]Z ,H+ZZ ,3H+Z] ,,31
Zh qrz dqdo|}h wkh fdvh zkhq  jrhv wr }hur1 Wkh ixqfwlrqdo frqyhu0
jhqfh uhvxow lv qrw suhvhuyhg1 Exw dv|pswrwlf qrupdolw| ri vfdodu surgxfw lv
lq jhqhudo vwloo ydolg dv vwdwhg e| wkh iroorzlqj wkhruhp1
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Wkhruhp 716 = Xqghu dvvxpswlrqv D4 0 D:/ li 2Qk
R
 $4 dqg 2@k24 $
4> ohw  5 O28 +], dqg=
v +, @
W8 +L . W W8W8 ,3 2
Li=
nk  n

s
v +,
@ R+4, +71;,
dqg lq sduwlfxodu li  5 / wkhq =v
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v +,
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2 Q 2q2nq +7143,
iru  2 Q3

2nq =
Ohw xv uvw vwuhvv wkdw   +, lv d zhoo0ghqhg udwh ri frqyhujhqfh jrlqj
wr lqqlw| vlqfh=
nW8 + L . W W8W8 ,3n2 @
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'f
2
+ . 
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dqg wkhuhiruh=
  +, 
5Q
nn2 $41
Rq wkh rwkhu kdqg/   +, fdqqrw ri frxuvh jrlqj wr lqqlw| idvwhu wkdq
Q vlqfh/ iru Q vx!flhqwo| odujh/ zh kdyh=
nW8 +L . W W8W8 ,3n2 
"[
'f
2
+ . 4,
2
k*> l2

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'f
2
5
k*> l2 @
4
5
nW8 n2 A 3/
vlqfh rxu pdlqwdlqhg lghqwlfdwlrq dvvxpswlrq suhflvho| phdqv wkdw W8 
fdqqrw eh }hur iru d qrq }hur ixqfwlrq 1
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Wkhruhp 716 lpsolhv wkdw urrw0Q frqvlvwhqf| lv rewdlqhg zkhq  5 21
Dv douhdg| vwuhvvhg lq wkh frpphqwv derxw Ghqlwlrq 715/ 2 frqwdlqv dq|
qlwh glphqvlrqdo yhfwruldo vsdfh vsdqqhg e| wkh fdqrqlfdo yduldwhv * = Rq
wkh rwkhu kdqg/ li zh rqo| nqrz wkdw  5 q> 3 ?  ? 5> zh kdyh=
v +, @
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+7144,
Lq rwkhu zrugv/ odujhu ydoxhv ri  jxdudqwhh odujhu udwhv ri frqyhujhqfh
 +, @

r EB
= Wkh plqlpdo frqglwlrq +71;, lv lpsolhg e|  5  vlqfh lw lv
wkh fdvh zkhuh nk  n2jrhv wr }hur dw ohdvw dv idvw dv  =
Ohw xv uhfdoo wkdw zh zhuh deoh wr sursrvh d urrw0Q frqvlvwhqw hvwlpdwru
ri Fry ^* +], >  +],` iru dq|  5 U +W W8 , = Dv vkrzq lq wkh frpphqwv iroorz0
lqj Ghqlwlrq 715/ zh nqrz lq wklv fdvh wkdw  5  exw wkhuh lv qr uhdvrq
wr fodlp wkdw  5 q iru vrph  A 4= Wkh urrw0Q frqvlvwhqf| lv rewdlqhg
e| dq hvwlpdwru 
S
?' |?# +z?, ri Fry +* +], >  +],, zklfk frqvlghuv wkh
ixqfwlrq # vxfk wkdw
 +], @

W WR#

+], @ H ^# +Z , m]` >
dv nqrzq1 Wkh vorzhu vshhg ri frqyhujhqfh surylghg e| Wkhruhp 716 lv wkh
sulfh wr sd| iru Wlnkrqry uhjxodul}dwlrq1
Pruhryhu/ doo wkh deryh glvfxvvlrqv rq udwhv ri frqyhujhqfh dfwxdoo| gh0
vfuleh vrph erxqgv iru wkhvh udwhv1 Wklv lv wkh uhdvrq zk| wkh glphqvlrqv
ri ] dqg Z gr qrw h{solflwo| dsshdu1 Krzhyhu/ wkh lqhtxdolw| +7143, vkrzv
wkdw wkh glhuhqfh ehwzhhq v +, dqg lwv xsshu erxqg
nBk3Bn2
k2

lv wljkwo|
uhodwhg wr wkh uhvshfwlyh ehkdylru ri  > wr wkh vkdsh ri wkh hljhqydoxhv 

v
dqg rq wkh vshflf fkrlfh ri =
Wkh uroh ri wkh glphqvlrq ri wkh ] yduldeohv dsshduv lq vhyhudo sodfhv
+fkrlfh ri wkh edqgzlgwk/ k|srwkhvlv ri Wkhruhp 715,1 Wkh uroh ri wkh glphq0
vlrq ri Z lv ohvv h{solflw hyhq lw lv dq lpsruwdqw hohphqw ri wkh dv|pswrwlf
ehkdylru ri rxu hvwlpdwru1 Dfwxdoo| wkh ydoxhv dqg wkh udwh ri ghfolqh ri wkh
 *v ghshqg rq wkh glphqvlrq ri Z / dv vkrzq e| wkh iroorzlqj uhvxow=
Sursrvlwlrq 714 Ohw xv dvvxph wkdwZ @ +Z>Z2, 5 U^U^2 +t . t2 @ t,
dqg ghqrwhv e| W8wkh rshudwru
* 5 O2~ $ H +*mZ, 5 O2`
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dqg W W8 lwv gxdo1 Wkhq W8 lv vwloo dq Kloehuw Vfkplgw rshudwru dqg wkh
hljhqydoxhv ri W W8 W
W
8 
2
 vdwlvhv
  
zkhuh wkh hljhqydoxhv duh udqnhg dv d qrqghfuhdvlqj vhtxhqfh dqg hdfk
hljhqydoxh lv uhshdwhg dffruglqj wr lwv pxowlsolflw| rughu1
H{dpsoh 714 Frqvlghu wkh fdvh +]>Z>Z2, 5 U hqgrzhg zlwk d mrlqw
qrupdo glvwulexwlrq zlwk d }hur phdq dqg d yduldqfh
3C 4  2 4 3
2 3 4
4D1 Wkh
rshudwru W W8W8 lv fkdudfwhul}hg e|
]mx  Q

2 . 
2
2

x> 4 2 . 222
dqg lwv hljhqydoxhv 2 duh

2 . 
2
2

= Wkh hljhqydoxhv ri W W8W8duh 
2
 @
2

dqg wkh hljhqyhfwruv duh wkh Khuplwh sro|qrpldov ri wkh Q +3> 4, glv0
wulexwlrq1
Wkh hljhqyhfwruv ri W W8W8 duh wkh Khuplwh sro|qrpldov ri wkh lqyduldqw
glvwulexwlrq ri wklv wudqvlwlrq/ l1h1 wkh Q

3>
3+4en4e2,
3+42n422,

=
Wkh odvw txhvwlrq ri lqwhuhvw zh frqvlghu lq wklv vhfwlrq frqfhuqv wkh
ehkdylru ri wkh eldv whup lq Wkhruhp 716 iru sduwlfxodu fkrlfhv ri  dqg
k 1 Zh frqvlghu uvw wkh vtxduh ri wkh eldv jhqhudwhg e| wkh hvwlpdwlrq ri
W8 / l1h1=
  +,kek > l2
@   +,k + L . W W8W8 ,3^W W8W8  W W	8W 	8 `+L . W
W
8W8 ,*> l2
 2Q
n+L . W W8W8 ,3n2
nW8 +L . W W8W8 ,3n2
n+W W8W8  W W	8W 	8 ,+L . W
W
	8
W 	8
,*n2
Xvlqj wkh vdph phwkrgrorj| wkdq lq wkh dqdo|vlv ri wkh frqvlvwhqf|/ zh
rewdlq=
  +,kek > l2 @ R

Q

4
QkR
. k24

n*k  *n2

@ R

Q

4
QkR
. k24

q

1
xqghu Dvvxpswlrq D191 Frqvlghu iru vlpsolflw| wkh fdvh s @ 4/  @ 5/ dqg
 @ 41 Xqghu wkh fkrlfh k @ n2Q
3E 
e
n0 dqg  @ n2Q
3 
 / wklv h{suhvvlrq
frqyhujhv wr }hurv zkhq Q $41
5:
Krzhyhu wkh uhjxodul}dwlrq eldv grhv qrw frqyhujhv wr }hur1 Iru h{dpsoh
li  @ *f+@ 4,/   +,kek > l2 @ R+Q2 , zklfk frqyhujhv wr lqqlw|1 Wklv
glyhujhqfh udwh lv dq xsshu erxqg1 Lqghhg/ zh kdyh=
  +,k*k  *> l2 @
Qk +L . W W8W8 ,3*> l2
nW8 +L . W W8W8 ,3n2
@ 2Q
k*> +L . W W8W8 ,3l2
nW8 + L . W W8W8 ,3n2
 2Qn*n2
n+ L . W W8W8 ,3n2
nW8 + L . W W8W8 ,3n2
1
8 Frqfoxglqj Uhpdunv
Wklv sdshu suhvhqwv dq h!flhqw zd| wr hvwlpdwh qrqsdudphwulfdoo| d uhod0
wlrq ehwzhhq hqgrjhqrxv yduldeohv xvlqj dq lqvwuxphqwdo yduldeohv ghql0
wlrq1 Zh dovr frqvlghu dv|pswrwlf surshuwlhv ri wklv hvwlpdwru dqg wkh pdlq
uhvxowv frqfhuq orzhu erxqgv ri wkh vshhg ri frqyhujhqfh dqg wkh dv|pswrwlf
qrupdolw| ri wkh uhjxodul}hg vroxwlrq ri dq loo0srvhg lqyhuvh sureohp1 Wkh
uhvroxwlrq ri wklv sureohp udlvhv qxphurxv txhvwlrqv=
l, Wkh fkrlfh ri wkh uhjxodul}dwlrq sdudphwhu pxvw eh glvfxvvhg1 Wklv
fkrlfh lv vlplodu wr wkh fkrlfh ri wkh shuwxuedwlrq sdudphwhu lq d
ulgjh uhjuhvvlrq ixqfwlrq> +vhh Fduudvfr/ Ioruhqv +5333e, dqg uhihu0
hqfhv wkhuh lq,1
ll, Zh frxog dgrsw rwkhuv w|shv ri uhjxodul}dwlrq ri wkh loo0srvhg lqyhuvh
sureohp1 Lq sduwlfxodu zh uhjxodul}h wkh sureohp li zh fkrrvh wkh
lqvwuxphqwdo uhjuhvvlrq ixqfwlrq lq wkh vhw ri prqrwrqrxv ixqfwlrqv1
Ri frxuvh wkh hfrqrplf wkhru| pxvw ydolg wklv rswlrq1
lll, Wkh wuhdwphqw ri vhyhudo ] yduldeohv ulvhv wkh xvxdo fxuvh ri glphq0
vlrqdolw| sureohp1 Xvxdo whfkqlfv ri glphqvlrqdolw| uhgxfwlrq lq qrq0
sdudphwulf uhjuhvvlrq/ vxfk dv dgglwlyh prghov ru lqgh{ prghov/ pd|
eh dssolhg lq rxu iudphzrun +vhh iru d frqwuro ixqfwlrq dssurdfk Eoxq0
ghoo/ Srzhoo +4<<<,,>
ly, Dq hvwlpdwlrq ri sduwlfxodu ixqfwlrqdo dvvrfldwhg wr * pd| eh shu0
iruphg1 D sduwlfxodu h{dpsoh lv jlyhq e| dyhudjh ghulydwlyh hvwlpdwlrq
zklfk fdq eh h{whqghg iurp wkh uhjuhvvlrq fdvh wr wkh lqvwuxphqwdo
yduldeohv fdvh +vhh Ioruhqv/ Khfnpdq/ Phjklu/ Y|wodflo +5334, ru Ior0
uhqv/ Oduulehdx +4<<8,,1 Dq rwkhu h{dpsoh lv wr ghgxfh iurp * dq rwkhu
ixqfwlrq e| vroylqj d glhuhqwldo htxdwlrq olnh  +}, @ * +}>  +},, 0
vhh Orxehv dqg Ydqkhpv +5334,,1 Dssolfdwlrq frxog eh wkh qrq sdud0
phwulf hvwlpdwlrq ri d vxusoxv ixqfwlrq lq suhvhqfh ri hqgrjhqhrxv
sulfhv1
5;
y, Zh pd| h{whqg rxu uhvxow wr zhdno| ghshqghqw g|qdplf gdwd ru wr
khwhurvnhgdvwlf prghov>
yl, Wkh frqfhsw ri uhjxodulw| ri ixqfwlrqv uhodwlyho| wr dq rshudwru lqwur0
gxfhg wkurxjk wkh ghqlwlrq ri wkh q vhwv pxvw eh frpsduhg wr rwkhu
uhjxodulw| qrwlrqv +vhh iru vrph suholplqdu| uhvxowv Fduudvfr/ Ioruhqv
+5334,,1
yll, Ilqdoo| d sduwlfxoduo| lqwhuhvwlqj srlqw frxog eh wr frqvwuxfw d ixoo|
qrqsdudphwulf hqgrjhqhlw| whvw1 D uvw lghd zrxog eh wr frpsduh
wkh hvwlpdwhg lqvwuxphqwdo uhjuhvvlrq ixqfwlrq a*k wr d qrqsdudphw0
ulf hvwlpdwru p ri wkh frqglwlrqdo h{shfwdwlrq ixqfwlrq H^\ m ]`
e| frpsxwlqj
U
+a*k  p ,2+},g} +zkhuh  lv d vxlwdeoh zhljwk0
lqj ixqfwlrq,1 D ehwwhu dssurdfk frxog eh wr wudqvirup wkh htxdolw|
*+}, @ H^\ m ]` lqwr H^H^\ m Z ` m ]` @ H^H^H^\ m ]` m Z ` m ]`1 Doo
wkh frqglwlrqdo h{shfwdwlrqv vkrxog eh hvwlpdwhg dqg wkh whvw ri wkh
htxdolw| pd| eh shuiruphg1
5<
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D Surriv
D14 Surri ri Fruroodu| 514
l,+, ll,= +ll, lpsolhv +l,1 Frqyhuvho|/ ohw xv frqvlghu * vxfk wkdw=
W W8W8 ^* +],` @ H^H^* +], mZ ` m ]` @ 31
Wkhq=
H

H^* +], mZ `2 @ H^* +],H^* +], mZ ``
@ H^* +],H^H^* +], mZ ` m ]`` @ 31
Zh rewdlq H^* +], m Z ` @ 3 dqg * @ 3 xvlqj wkh vwurqj lghqwlfdwlrq
frqglwlrq1
l, +, lll,= Wklv surshuw| fdq eh ghgxfhg iurp Ioruhqv0Prxfkduw0Urolq
+4<<3,/ wkhruhp 81716 ru Oxhqehujhu +4<9<,/ Wkhruhp 6 vhfwlrq 9161 Vlqfh
U+W W8 , @ Q +W8 ,z>U+W W8 , @ O28 +], lv wdqwdprxqw wr Q +W8 , @ i3j1
D15 Surri ri Sursrvlwlrq 516
Zh kdyh=
H ^\ m[>Z ` @  +[, .  +[, 5 ^ +], m[>Z ` =
Li #W +[>], @ W +[,.W +[, W +], lv dqrwkhu lqvwuxphqwdo uhjuhvvlrq
ixqfwlrq/ zh dovr kdyh=
H ^\ m[>Z ` @ W +[, . W +[,H ^W +], m[>Z ` =
E| wdnlqj wkh frqglwlrqdo h{shfwdwlrq jlyhq [ dqg pdnlqj wkh glhuhqh
zh jhw =
 +[, ^H ^ +], m[>Z `H ^ +], m[``
@ W +[, ^H ^W +], m[>Z `H ^W +], m[`` =
Iurp wkh dvvxpswlrq ri frqglwlrqdo olqhdu lghqwlfdwlrq/ zh ghgxfh=
 +[, ^ +],H + +], m[,`
@r
@ W +[, ^W +],H +W +], m[,` =
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Vlqfh S ^ +[, @ 3` @ 3/ zh fdq zulwh=
 +], WW +[,W +],
@r
@ H ^ +], WW +[, W +], m[` >
zkhuh WW lv ghqhg doprvw vxuho| e|=
WW +[,
@r
@
 +[,
W +[,
5 E=
Wkhq/ vlqfh [ dqg ] duh E0vwurqjo| phdvxudeo| vhsdudeoh/ wkhuh duh
rqo| wzr srvvleoh fdvhv=
4vw fdvh = Wkh ixqfwlrqv WW +[, dqg H ^ +], WW +[,W +], m[` duh
frqvwdqw=
Wkhq/ li WW +[, @ f/ zh kdyh f @ 4 e| wkh qrupdol}dwlrq frqglwlrq +l,
dqg wkhq=
 +],  W +], lv frqvwdqw dqg wkxv htxdo wr }hur e| wkh qrupdol}dwlrq
frqglwlrq +ll,1 Wkxv=
 @ Wdqg  @ W=
Wkhuhiruh=
 +[, @ H ^\ m[>Z `  +[,H ^ +[, m[>Z ` @ W +[, =
Wkh ixqfwlrqv >  dqg  duh lghqwlhg1
5qg fdvh= Wkh ixqfwlrqv  +], duh W +], duh frqvwdqw1
E| wkh qrupdol}dwlrq frqglwlrq +lll,=  @ W @ 3 zkloh e| wkh qrupdo0
l}dwlrq frqglwlrq +ll,
 @ W @ f 9@ 3=
Wkhuhiruh  @ W=
D16 Surri ri Wkhruhp 716
Ohw xv ghqrwh e|  wkh udqgrp yduldeoh
s
Q+W W	8
u 	8  W W	8W 	8*, dqg e|
 lwv olplw glvwulexwlrq=
s
Q+a*k  *k  ek , @ +L . W W	8W 	8 ,
3 /
zkhuh/ iurp Dvvxpswlrq D1:/
64
 @,  @ Q+3> 2W W8W8 ,1
Zh lqwurgxfh aP @ +L . W
W
	8
W 	8
,3 dqg P @ +L . W
W
8W8 ,
31
Iru dq|  5 O2~ / zh kdyh=s
  +,ka*k  *k  ek > l @ D.D .D2 .D/
zkhuh
D @
kP> l
kPW W8W8P > l

2
>
D @
kP +  ,> l
kPW W8W8P> l

2
>
D2 @
k+ aP P ,> l
kPW W8W8P> l

2
>
D @
k+ aP P ,+  ,> l
kPW W8W8P> l

2
=
Wkh whup D iroorzv d Q+3> 2, dqg zh pxvw fkhfn wkdw D/ D2 dqg D2
whqg wr }hur lq suredelolw|1 Iluvw/ zh jhw=
D2  n  n2
nPn2
nWPn2
$ 31
Wkhq zh kdyh=
D22  nnnPnnW W	8W 	8  W
W
8W8n2
nPn2
nWPn2
/
zklfk jrhv wr }hur li 
k2



R

. k24

$ 31 Ilqdoo|/ wkh whup D jrhv wr
}hur idvwhu wkdq wkh whupv D dqg D21
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D17 Surri ri sursrvlwlrq 714
Ohw xv uvw uhpdun wkdw]
i2 +=> }>z> =,
i2 +=> }> =, i2 +=> => zc,
i +=> }> =, i +=> => zc, g}gz
@
] ]
i +=> }> z> z2,
i +=> }> =, i +=> => z> z2,
i +z2mzc,gz2
2
i +=> }> =, i +=> => z> =,g}gz

]
i2 +=> }>z> z2,
i2 +=> }> =, i2 +=> => zcz2,
i +=> }> =, i +=> => z> z2,g}gzgz2=
e| Mhqvhq*v lqhtxdolw| iru frqglwlrqdo h{shfwdwlrqv1 Wkh uvw whup lv wkh
K1V1 qrup ri W W8 W

8 dqg rqh lv wkh K1V1 qrup ri W
W
8 W8 = Wkhq W
W
8 W

8 lv dq
Kloehuw Vfkplgw rshudwru dqg
S
 
2
 
S
 
2
 =
Wkh hljhq ydoxhv pd| eh frpsduhg sdluzlvh= xvlqj wkh Frxudqw wkhruhp
+vhh Nuhvv +4<<;,/ 48, zh kdyh
2 @ plq
4fc4cc43Mu
2
5
pd{
8)8'
)z+4fcc43,
kW W8W8*>*l
@ pd{
8)8'
)z+4fcc43,
nH +*mz,n2
 pd{
8)8'
)z+4fcc43,
nH +*mz,n2
 plq
4fc4cc43Mu
2
5
pd{
8)8'
)z+4fcc43,

W W8 W
*>*

@ 2 =
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E D uvw glvfxvvlrq ri D17/ D18 dqg D1:
Wkh remhfwlyh ri wklv dsshqgl{ lv wr jlyh d vhw ri qdwxudo frqglwlrqv zklfk
lpsolhv wkh pdlq dvvxpswlrqv D17/ D18 dqg D1:1 Wkhvh frqglwlrqv duh h{0
wuhpho| frpprq lq qrqsdudphwulf dqdo|vlv/ exw wkh pruh txhvwlrqdeoh k|0
srwkhvlv dvvxphg wkdw wkh gdwd ghqvlw|/ ghqhg rq d frpsdfw vxssruw/ lv
erxqghg iurp ehorz e| d vwulfwo| srvlwlyh qxpehu1 Hyhq li wklv k|srwkhvlv
lv dovr uhwdlqhg e| qxphurxv sdshuv +vhh h1j1 Vdolqhool +4<<;,/ Lpehqv dqg
Qhzh| +5334,,/ zh lqwurgxfh lq dsshqgl{ F dq h{whqvlrq ri rxu dssurdfk
zklfk fryhuv wkh jhqhudo fdvh1 Lq wklv vhfwlrq/ zh irfxv rq wkh erxqghg fdvh1
Dvvxpswlrq E14= Wkh yduldeohv \ / ] dqg Z wdnh ydoxhv lq d frpsdfw vhw
[ UUR U^1
Dvvxpswlrq E15= Wkh suredelolw| ghqvlw| ixqfwlrq i lv g0frqwlqxrxvo|
glhuhqwldeoh rq [ 1
Dvvxpswlrq E16= Wkh suredelolw| ghqvlw| ixqfwlrq i lv erxqghg iurp ehorz
e| % A 31
Dvvxpswlrq E17= Wkh nhuqhov N+/ N5/ N duh erxqghg/ v|pphwulf/ ri
rughu47 u1
Ohppd E14 = Xqghu Dvvxpswlrqv E140E17/ Dvvxpswlrq D17 lv vdwlvhg
zlwk  @ plq +u> g,1
Surri1 Iluvw ohw xv uhpdun wkdw/ li  5 O8 +], >
n+W W	8W 	8  W
W
8W8 ,n2  nW W	8W 	8  W
W
8W8 n2"nn2>
zkhuh
nW W	8W 	8  W
W
8W8 n" @ vxs
8}8$
n+W W	8W 	8  W
W
8W8 ,jn1
Wklv qrup lv pdmruhg e| wkh Kloehuw0Vfkplgw +KV, qrup ri wklv rshudwru
zklfk vdwlvhv +vhh Gxqirug dqg Vfkzduw} +4<96,/ [L19,=
D2 @ nW W	8W 	8  W
W
8W8n2M7
@
] U
^ah +}> x>z, h+}> x>z,`gz
i +=> x> =,
2
i +=> }> =, i +=> x> =,gxg}/
47Wkh nhuqho g lv ri rughu o li=
k M _c k n n k_ M tc c o3  c
]
%
k4
 %
kg
_ g E% _% ' f(
!k M _c k n n k_ ' oc
] ]
%
k4
 %
kg
_ g E% _% ' f
Qrwh wkdw/ li g dqg g2 duh ri rughu o/ wkhq gg2 lv dovr ri rughu o
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zkhuh
h+}> x>z, @
i +=> x> z, i +=> }> z,
i +=> }> =, i +=> => z,
/
dqg ah +}> x>z, lv wkh nhuqho hvwlpdwru ri h+}> x>z,1 Xqghu Dvvxpswlrqv E140
E16/ Dvvxpswlrq D14 +H{lvwhqfh ri wkh Kloehuw Vfkplgw qrup, lv reylrxvo|
vdwlvhg1
Zh fdq uhvwulfw wkh lqwhjudwlrq grpdlq wr wkh lqwhulru ri wkh frpsdfw
vxssruw ri h vlqfh lw erxqgdulhv kdv d }hur phdvxuh481 Zh olqhdul}h wkh whup
ah +}> x>z, h+}> x>z, wr jhw=
ah +}> x>z, h+}> x>z,
 i +=> }>z,
i +=> }> =, i +=> => z,
^ ai +=> x> z, i +=> x> z,`
.
i +=> x>z,
i +=> }> =, i +=> => z,
^ ai +=> }> z, i +=> }>z,`
 i +=> x>z, i +=> }>z,
^i +=> }> =,`2i +=> => z,
^ ai +=> }> =, i +=> }> =,`
 i +=> x> z, i +=> }> z,
i +=> }> =, ^i +=> => z,`2
^ ai +=> => z, i +=> => z,` @
e[
'
E/
dqg
D @ n
Se
'
U
Egz
^i +=> x> =,`2
n.U 
e[
'
n
U
Egz
^i +=> x> =,`2
n.U 1
Lq wklv h{suhvvlrq wkh qrup duh wkh xvxdo qrup lq wkh Kloehuw vsdfh ri
ixqfwlrqv dqg U lv d uhpdlqghu whup uhvxowlqj iru wkh olqhdul}dwlrq1 Ohw xv
frqvlghu iru h{dpsoh wkh uvw whup ri wkh vxp=
n
U
Egz
^i +=> x> =,`2
n2 @
]
i +=> }> =,
i +=> x> =,
]
e +}>z, + ai +=> x> z, i +=> x> z,,gz
2
g}gx/
zlwk=
e +}>z, @
i +=> }> z,
i +=> }> =, i +=> => z,
1
48Wkh ehkdylru ri wkh lqwhjudo ri
U
d	e E5c c 3 eE5c c o _
2
frxog eh vwxglhg dw
wkh erxqgdulhv ri wkh vxssruw1 Wklv ehkdylru zrxog eh dqdorjrxv wkh ehkdylru dw d
lqwhulru/ zlwk d kljkhu eldv whup +vhh h1j1 Zdqg/ Mrqhv +4<<8,,1 Zh wdqn G1 Ervt iru wklv
uhpdun1
68
Wkh udqgrp yduldeoh n
U
_
dsEcco2 n2 lv srvlwlyh/ vr lwv udwh ri frqyhujhqfh lv
wkh vdph49 wkdq wkh udwh ri H
k
n
U
_
dsEcco2
n2
l
/ l1h1=
H
%]
i +=> }> =,
i +=> x> =,
]
e +}>z, + ai +=> x>z, i +=> x>z,,gz
2
g}gx
&
1
Wkh xvxdo dujxphqw rq wkh ehkdylru ri H^+ ai  i,2` pd| eh wulyldoo|
h{whqghg wr wkh lqwhjudo ri wkh ghqvlw| dqg zh jhw=
H
%]
e +}>z, + ai +=> x> z, i +=> x> z,,gz
2&
@ RR

4
QkR
. k
24?Eoc_


1
Qrwh wkdw wkh lqwhjudwlrq z1u1w1 z lpsolhv wkdw rqo| wkh glphqvlrq ri ]
dsshduv lq wkh h{srqhqw ri k 1 Zh pxwolso| wklv txdqwlw| e|
sEc5c
sEcc dqg zh
lqwhjudwh rxw } dqg x1 Wkh frqyhujhqfh udwh lv qrw prglhg dqg zh jhw
n
U
Egz
^i +=> x> =,`2
n2 @ RR

4
QkR
..k
24?Eoc_


1
Wkh vdph dujxphqw dssolhv iru wkh irxu whupv1 Wkh uhpdlqghu whup lq dq
qhjoljleoh xvlqj dq hohphqwdu| h{whqvlrq ri xvxdo dujxphqw rq wkh ehkdylru
wkh PVH ri wkh nhuqho uhjuhvvlrq hvwlpdwlrq +vhh h1j1 Ervt +4<<;,/ wkhruhp
614 s1 9;,1
Wkh iroorzlqj ohppd lv hvvhqwldo wr fkhfn dvvxpswlrq D18 dqg D1: iurp
E140E171 Dfwxdoo| wklv uhvxow zloo eh xvhg erwk dv d yhulfdwlrq ri dvvxpswlrq
D18 dqg iru dvvxpswlrq D1:1 Iru vlpsolflw| zh rqo| frqvlghu wkh krprvfhgdv0
wlf fdvh1
Ohppd E15 = Xqghu Dvvxpswlrqv D14/ D15/ D16/ D19 dqg whfkqlfdo Dv0
vxpswlrqv E40E16/ zh jhw=
s
Q
Q
[
'
i +=> }>z,
i +=> }> =, i +=> => z,
^|  *+},` @, Q+3> 2W W8W8 ,1
Surri1 Zh ghqrwh e|=
Y +}, @
s
Q
Q
[
'
i +=> }> z,
i +=> }> =, i +=> => z,
^|  *+},` @
s
Q  4
Q
[
'
 +}, /
49 Li f D f lv vxfk wkdw .Ef ; E/ wkhq f ; E1 Wklv lv dq dssolfdwlrq
ri Elhqd|pì0Wfkhe|fkhy lqhtxdolw|= li .Ef 	  dv  < "/ zh jhw  df :

0
o $
.Ef f
0

$ 0/ 0 dqgf ; E1 Lq wkh vdph zd| .Ef  ; Ek 'i f ; Ek 1
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zkhuh  +}, lv d vhtxhqfh ri l1l1g1 udqgrp yduldeohv vdwlvi|lqj=
H ^+},` @ 3/
dqg
H

2 +},

@ 2
]
i +=> }> z,
2
i +=> }> =,2 i +=> => z,
2i +=> }> =,g} ?41
Pruhryhu/ zh kdyh=
H
nn2 @ 2 ] i +=> }>z,2
i +=> }> =,2 i +=> => z,2
i +=> }> =, i +=> => z, g}gz ?41
Wklv Kloehuw Vfkplgw dvvxpswlrq lv lpsolhg e| Dvvxpswlrq E140E161 Vr
Y frqyhujhv wr d jdxvvldq surfhvv +vhh Ydq ghu Ydduw/ Zhooqhu/ wkhruhp
41;17 s1 83,1 Wkh yduldqfh lv jlyhq e| dq rshudwru N vxfk wkdw/ iru dq|
*># 5 O2~ / zh kdyh=
kN#>*l @ H^kY > *lk#> Y l`
@ H^
] ]
Y +},Y +x,*+},#+x,i +=> }> =, i +=> x> =,g}gx`
@
] ]
H^Y +},Y +x,`*+},#+x,i +=> }> =, i +=> x> =,g}gx
@ 2
] ]
H^
i +=> }> z, i +=> x>z,
i +=> }> =, i +=> => z,
`*+},#+x,i +=> }> =, i +=> x> =,g}gx1
Zh rewdlq=
N# @ 2
] ]
i +=> }>z, i +=> x> z,
i +=> }> =, i +=> => z,
# +x,g}gx @ 2W W8W8#/
dqg qdoo| zh jhw =
Y @, Q+3> 2W W8W8 ,1
Ohppd E16 = Xqghu Dvvxpswlrqv D14/ D15/ D16/ D19 dqg whfkqlfdo Dv0
vxpswlrqv E140E17/ Dvvxpswlrq D18 lv vdwlvhg zlwk  @ plq +u> g,1
Surri1 Xvlqj vwdqgdug olqhdul}dwlrq/ zh uvw uhsodfh D @ u
W
	8
W W	8W 	8*
e|=
D @
]
i +=> }>z,
i +=> }> =, i +=> => z,
+|  *+x,, ai +|> x>z,g|gxgz1 +E14,
Dfwxdoo|/ iurp wkh deryh h{sdqvlrq ri wkh lqwhjudqg ri D dv wkh surg0
xfw ri irxu ixqfwlrqdov ri i / wkh ghulydwlyh lv frpsxwhg dv wkh vxp ri irxu
6:
fruuhvsrqglqj whupv1 Exw wkuhh dprqj wkhvh irxu whupv duh qlo wkdqnv wr
wkh dvvxpswlrq W8* @ u8 1
Pruhryhu/ zh fdq ghfrpsrvh D dv iroorz=
D @
4
Q
[
'
i +=> }>z,
i +=> }> =, i +=> => z,
+|  *+},, .U1
Wkhq zh jhw=
n Dn  n 4
Q
[
'
i +=> }> z,
i +=> }> =, i +=> => z,
+|  *+},,n. nUn1
Wkh uhpdlqglqj whup U lv ri wkh irup=
4
Q
[
'
]
d+v,N

+v v,gv d+v,

/
zkhuh v @ +|> x>z, dqgN +v v, @N+c+ +||?,N5c5 +x }?,Nc +z z?,
d+v, @
i +=> }> z,
i +=> }> =, i +=> => z,
+|  *+x,,
dqg wkh xvxdo dqdo|vlv ri eldv whup lq nhuqho vprrwklqj lqihuhqfh vkrzv
wkdw wkh qrup ri wklv whup lq dq R

k
4?Eoc_


1 Wkh uhvxow iroorzv iurp wkh
dssolfdwlrq ri Ohppd E15
Dvvxpswlrq E18= Wkh vprrwklqj sdudphwhu k vdwlvhv Qk
24?Eoc_
 $ 3
dv Q $41
Ohppd E17 = Xqghu Dvvxpswlrqv D15/ D16/ D19 dqg whfkqlfdo Dvvxps0
wlrqv E140E18/ Dvvxpswlrq D1: lv vdwlvhg1
Surri1 Wkh olqhdul}hg irup ri
s
Q+uW	8
 W W	8W 	8*, fdq eh zulwwhq dv=
s
Q
Q
[
'
i +=> }>z,
i +=> }> =, i +=> => z,
+|  *+},,
s
Q
Q
[
'
]
d+v,N

+v v,gv d+v,

/
zkhuh d+v, lv ghqhg lq wkh surri ri Ohppd 61 Xqghu Dvvxpswlrq E18/ wkh
vhfrqg whup ri wkh suhylrxv ghfrpsrvlwlrq jrhv wr }hur1 Zh xvh Ohppd 5
wr jhw=
s
Q+uW	8
 W W	8W 	8*, @, Q+3> 
2W W8W8 ,1
6;
F Jhqhudol}dwlrq doorzlqj wr frqvlghu qrq erxqghg
ghqvlwlhv
F14 Ghqlwlrqv
Ohw xv frqvlghu wkh udqgrp yhfwru V @ +\>]>Z , 5 U  UR  U^/ zlwk
fxpxodwlyh glvwulexwlrq ixqfwlrq I / dqg wkh wzr fxpxodwlyh glvwulexwlrq
ixqfwlrqv J dqg K ghqhg rq UR dqg U^ uhvshfwlyho|1 Zh dvvxph wkdw=
O2C+],  O28 +], dqg O28 +Z ,  O2M+Z ,/ +F14,
zkhuh O2C+], +uhvs1 O
2
M+Z ,, ghqrwhv wkh vsdfh ri vtxduhg lqwhjudeoh ixqf0
wlrqv zlwk uhvshfw wr J +uhvs1 K,1
Uhpdun F14 = Li zh rqo| frqvlghu glvwulexwlrqv fkdudfwhul}hg e| wkhlu ghq0
vlwlhv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh i> j> k/ zh hdvlo| fkhfn wkdw wkh
wzr suhylrxv frqglwlrqv duh vdwlvhg li lw h{lvwv wzr vwulfwo| srvlwlyh qxpehuv
f dqg f2 vdwlvi|lqj=
i+=> }> =,  fj+}, I 0d1v1 dqg k+z,  f2i+=> => z, I 0d1v1= +F15,
Wkh wzr frqvwdqwv duh wkhq qhfhvvdulo| juhdwhu wkdq rqh1
Uhpdun F15 = Wkh uhodwlrq ehwzhhq I dqg J/ K fdq eh lqwhusuhwhg lq wzr
zd|v=
Uhpdun 4 l, zh fdq { J dqg K dqg frqvlghu wkh fodvv I ri I vdwlvi|lqj
wkh wzr frqvwudlqv
ll, zh fdq fkrrvh J dqg K ghshqglqj rq I +iru h{dpsoh/ zh fkrrvh J
dv wkh pdujlqdo glvwulexwlrq ri I / frqglwlrqdoo| wr d vxevhw rq zklfk i+}, lv
erxqghg,1
Lq ll,/ J dqg K pxvw eh hvwlpdwhg1 Wr vlpsoli| wkh suhvhqwdwlrq/ zh
dgrsw l, lq zklfk J dqg K duh {hg/ exw wkh dssurdfk fdq eh jhqhudol}hg wr
ll,1
Iru dq| I ehorqjlqj wr I / wkh frqglwlrqdo h{shfwdwlrq rshudwru W8 lv
qrz frqvlghuhg dv dq rshudwru iurp O2C+], wr O
2
M+Z ,1 Zh dozd|v dvvxph
wkdw W8 lv dq Kloehuw Vfkplgw rshudwru uhodwlyho| wr wkhvh vsdfhv1 Wklv lv
htxlydohqw wr dvvxph wkdw=]
i2+=> }> z,
j2+},i2+=> => z,
j+},k+z,g}gz ?4= +F16,
Uhpdun F16 = Li wkh frqglwlrqdo h{shfwdwlrq rshudwru iurp O28 +], wr O
2
8 +Z ,
vdwlvhv dq Kloehuw Vfkplgw frqglwlrq/ zh rewdlq wkh surshuw| +F=6, iurp wkh
frqglwlrqv +F=5,1
6<
Ghqlwlrq F14 = Wkh ixqfwlrq * ehorqjlqj wr O2C+], lv dq lqvwuxphqwdo
uhjuhvvlrq li W8* @ u8 / zlwk u8 @ H^\ mZ `1
Uhpdun F17 = Vlqfh wkh ixqfwlrq * lv qrz ghqhg lq dq uhvwulfwhg vsdfh/
wkh lghqwlfdwlrq frqglwlrq ehfrphv= wkh ixqfwlrq * lv lghqwldeoh li zh kdyh
H^ +], mZ ` @ 3 d1v1dqg  5 O2C+], ,  @ 3 d1v11
F15 Gxdo/ vshfwudo ghfrpsrvlwlrq dqg uhjxodul}dwlrq
Ohw xv uvw ghqrwh wkdw wkh gxdo ri W8 dv dq rshudwru iurp O
2
C+], wr O
2
M+],
lv qrw wkh frqglwlrqdo h{shfwdwlrq ri wkh ixqfwlrqv Z jlyhq ]1 Lq wkh grp0
lqdwhg fdvh/ W W8 vdwlvhv=
W W8#+}, @
]
i+=> }>z,k+z,
j+},i+=> => z,
#+z,gz/ +F17,
ehfdxvh kW8*>#lM @ k*>W W8#lC +k=> =lM ghqrwhv wkh lqqhu surgxfw lq O2M+],
dqg k=> =lC ghqrwhv wkh lqqhu surgxfw lq O2C+],,1 Zh kdyh=
W W8W8*+}, @
] 
4
j+},
]
i+=> }>z,i+=> x>z,k+z,
i2+=> => z,
gz

*+x,gx1 +F18,
Wkh Kloehuw Vfkplgw dvvxpswlrq dozd|v lpsolhv wkh frpsdfwqhvv ri W8 /
W W8 / W
W
8W8 / W8W
W
8 / wkh h{lvwhqfh ri yhfwruv * 5 O2C+],/ # 5 O2M+],/ dqg 2
vdwlvi|lqj wkh surshuwlhv l, wr ylll, ri Vxevhfwlrq 5=51 Wkh jhqhudo wkhru| ri
uhjxodul}dwlrq dssolhv iru wklv fkrlfh ri W W8 1 Zh ghqh *
k e|=
*k @ +L . W W8W8 ,
3W W8 u8 / +F19,
dqg zh jhw n*k  *nC $ 31
F16 Hvwlpdwlrq
Wkh hvwlpdwlrq ri * lv rewdlqhg e| uhsodflqj wkh ghqvlw| i dqg lwv pdujlqv
e| wkhlu hvwlpdwruv ei +vhh Vhfwlrq 7,1 Zh dvvxph wkdw=
Nc

zz?
k

[
?
Nc

zz?
k
 5 O2M+Z , dqg N5c5

}  }?
k

[
?
N5c5

}  }?
k
 5 O2C+],1
Zh gr qrw ghwdlo wkh frpsxwdwlrq exw zh mxvw xqghuolqh wkdw + L .
W W	8
W 	8
, lv d qlwh udqn rshudwru/ dqg wkh vroxwlrq ri wkh htxdwlrq=
+L . W
W
	8
W 	8
,* @ W W	8
u 	8
/
lv rewdlqhg dv lq Dqqh{ G1
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F17 Dv|pswrwlf surshuwlhv
Zh pxvw fkhfn zkhwkhu wkh dvvxpswlrqv D17 dqg D18 duh vdwlvhg1 Wklv lp0
srvhv vrph dgglwlrqdo uhjxodulw| dvvxpswlrqv1 Iru vlpsolflw| zh uhvwulfw rxu
dwwhqwlrq wr vhfrqg rughu nhuqhov dqg vhfrqg rughu glhuhqwldeoh ixqfwlrqv1
Wkh uvw surshuw| wr fkhfn frqfhuqv wkh h{shfwdwlrq ri wkh Kloehuw Vfkplgw
qrup ri W W	8
W 	8
 W W8W8 / l1h1=]
4
j+x,j+},
+] % ei +=> }> z, ei +=> x> z,ei2 +=> => z, 
i+=> }> z,i+=> x>z,
i2+=> => z,
&
k+z,gz
,2
gxg}1
+F1:,
Wkh frpsxwdwlrq lv grqh e| olqhdul}dwlrq ri wkh whupv lq wkh eudfnhw1
Ohw xv frqvlghu iru h{dpsoh wkh uvw whup ri wklv olqhdul}dwlrq/ / l1h1
i+=> x> z,
i2+=> => z,
+ ei +=> }> z, i+=> }> z,,1
Wkh lqwhjudo zlwk uhvshfw wr z lv dssur{lpdwhg e|=
4
QkR
[
?
N5c5

}  }?
k

i+=> x> z,k+z,
i2+=> => z?,

]
i+=> }> z,i+=> x>z,
i2+=> => z,
k+z,gz/
+F1;,
xs wr dq k2 whup zklfk zh lqwhjudwh lq wkh eldv whup1 Wklv whup frqwulexwh
wr wkh qrup e| d eldv whup dqg d yduldqfh whup1 Wkh yduldqfh whup lv=
4
QkR
]
N2+x,gx
]
4
j+},j+x,
i2+=> x>z,k2+z,
i2+=> => z,
i+=> }>z,gzgxg}1 +F1<,
Wklv lqwhjudo pxvw eh frqyhujhqw1 Wklv fdq eh rewdlqhg e| uhsodflqj wkh
frqglwlrqv +E=5, e|=
i+},  gj2+}, I 0d1v1 dqg k+z,  g2i2+z, I 0d1v1= +F143,
dqg e| dvvxplqj wkdw
U
i+z m },j+},g} p1 Zh rewdlq=]
4
j+},j+x,
i2+=> x>z,k2+z,
i2+=> => z,
i+}>z,gzgxg} +F144,
 gg2p
]
i2+=> x> z,
j2+x,i2+=> => z,
j+x,k+z,gxgz/
dqg wkh lqwhjudo frqyhujhv zlwk wkh Kloehuw Vfkplgw dvvxpswlrq1 Wkh frq0
yhujhqfh wr wkh vtxduhg eldv whup lpsrvhv vrph dgglwlrqdo dvvxpswlrqv rq
wkh vhfrqg ghulydwlyhv ri i 1 Zh pxvw iru h{dpsoh dvvxph wkdw=] 
C2i
2
j2+x,i2+=> => z,
j+x,k+z,gxgz ?4/
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zkhuh C2i ghqrwhv wkh vxp ri wkh vhfrqg ghulydwlyhv ri i+}>z, zlwk uhvshfw
wr } dqg z1
Wkh vhfrqg hohphqw wr hvwdeolvk wkh dv|pswrwlf surshuwlhv lv wkh dv|ps0
wrwlf ehkdylru ri W W	8
u 	8  W W	8W 	8*1 Wklv whup fdq eh ghfrpsrvhg dv
W W8 +u 	8W 	8*,.+W
W
	8
W8 ,+u 	8W 	8*,1 Vlqfh u 	8W 	8*$ u8W8* @
3/ zh fkhfn wkdw xqghu yhu| jhqhudo dvvxpswlrqv/ wkh vhfrqg whup ri wklv
ghfrpsrvlwlrq lv qhjoljleoh zlwk uhvshfw wr wkh uvw whup1 Zh kdyh wkhq e|
olqhdul}dwlrq ri wkh frqglwlrqdo h{shfwdwlrq=
W W8 +u 	8  W 	8*, @
]
i+=> }>z,k+z,
j+},i2+=> => z,
+|  *+x,, ei +|> x>z,g|gxgz
@
4
Q
[ i+=> }> z,k+z,
j+},i2+=> => z,
+|  *+},, .U1
Wkh uvw whup/ zkhq pxowlso|lqj e|
s
Q frqyhujhv lq O2C+], wr d jdxv0
vldq odz/ zlwk }hur phdq dqg zlwk yduldqfh 2 fkdudfwhul}hg e|=
k*> *2lC @
]
z+}>z,*+},*2+x,j+x,gxg}/
zlwk
z+}>z, @
4
j+},
]
i+=> }> z,i+=> x>z,k2+z,
i+=> => z,
gz1
Wkh Kloehuw vsdfh frqyhujhqfh frphv iurp wkh frqglwlrq=]
i2+=> }>z,k2+z,
j+},ie+=> => z,
j+},i+=> => z,g}gz ?4/
rewdlqhg zlwk +F=5, dqg wkh Kloehuw Vfkplgw frqglwlrq1 Ilqdoo|/ zh fkhfn
zlwk wkh xvxdo dssurdfk wkdw wkh uhpdlqghu whup lv sursruwlrqdo wr k2 1
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G Qxphulfdo lpsohphqwdwlrq
Zh zloo vkrz lq wklv dsshqgl{ krz rxu hvwlpdwlrq surfhgxuh uhgxfhv wr 0
qlwh glphqvlrqdo pdwul{ frpsxwdwlrq1 Wr vlpsoli| wkh qrwdwlrqv lqwurgxfhg
lq vhfwlrq 7/ zh gurs rxw lqgh{hv + > a*
k
 >N5c5 ==ehfrphv > a*>N===,1 Ghi0
lqlwlrq +7=4, ehfrphv=
a* +}, .
[
?
[

]
* +},N +}  }, g} @
]
gE3gE3?[

gE3
gz gE535?[

gE535
@
[
?
[

|
]
gE3gE3?[

gE3
gz gE535?[

gE535
/
+G14,
ru htxlydohqwo|
a* +}, .
[
?c
d?? +}, @
[
?c
|d?? +}, +G15,
zkhuh
d? @
]
N +z z,N +z zq,[

N +z z,
gz
 @
]
a* +},N +}  },g}
? +}, @
gE535?[

gE535
Li zh pxowlso| wklv htxdolw| e| N +}  }, zh jhw/ diwhu lqwhjudwhg rxw }=
 .
[
?c
d? e? @
[
?c
|d? e? +G16,
zkhuh
e? @
]
N +}  }?,N +}  },S
N +}  }, g}=
Xvlqj wkh pdwul{ qrwdwlrq=
 @ +,'cc D @ +d?, 'c
?'cc
E @ +e?, 'cc
?'cc
| @ +|,'cc  +}, @ +? +},,?'cc
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Zh kdyh wr vroyh= 
L .DE

 @ DE| +G17,
zklfk lpsolhv/ xvlqj G15
a* +}, @ k +|  ,D +},
@ k|

k
L  ^L .DE`3DE
l
D +},
+G18,
Wr d sudwlfdo srlqw ri ylhz zh qhhg uvw wr frpsxwh e| lqwhjudwlrq wkh
hohphqwv ri D dqg E dqg wr lqyhuvh dq Q Q pdwul{1
Wklv frpsxwdwlrq fdq eh vlpsolhg li zh dssur{lpdwh/ iru h{dpsoh/ 
e| * +}, dqg e| vlpsolfdwlrq ri wkh hohphqwv ri wkh D pdwul{1 Xvlqj wklv
dssur{lpdwlrq wkh hvwlpdwru a* lv d vroxwlrq ri=
a* +}, .
[
?
[

a* +},N +z? z,[

N +z? z,
N +}  }?,S

N +}  },
@
[
?
[

|N +z? z,[

N +z? z,
N +}  }?,S

N +}  },
+G19,
Li } @ } m @ 4> ===>Q / zh jhw dq QQ olqhdu v|vwhp zklfk fdq eh vroyhg
lq wkh a* +}, dqg a* +}, fdq eh frpsxwh xvlqj +G19, iru dq| }= Surshuwlhv ri
wklv dssur{lpdwlrq kdg wr eh vwxglhg1 Urxjko| vshdnlqj wkh dssur{lpdwlrq
pdjqlwxgh lv rq wkh vdph qdwxuh ri wkh eldv whup lq nhuqho vprrwklqj

k2R

dqg wkh dv|pswrwlf ehkdylru ri wklv hvwlpdwru lv lghqwlfdo wr wkh hvwlpdwru
vwxglhg lq wkh sdshu1
H Frxqwhuh{dpsohv
H14 Derxw H{dpsoh 415
Ohw xv ghqh =
Y @ ] H +]mZ , dqg k +y, @ Y 2=
Wkhq/ li * dqg *Wduh zhoo0ghqhg dv vroxwlrqv ri +415, dqg +417, uhvshf0
wlyho|=
H ^* +], *W +], mZ ` @ H y2mZ  @ Y du ^]mZ ` @ 2 +Z , =
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Iru dq h{solflw h{dpsoh/ ohw xv frqvlghu wkh fdvh=
H ^\ m]>Z ` @ d] . e]2 . Y 2>
wkdw lv= *W +], @ d] . e]2= Wkhq=
H ^* +], mZ ` @ H ^*W +], mZ ` . 2 +Z ,
@ dH +]mZ , . eH ]2mZ. 2 +Z , =
Li/ iru lqvwdqfh=
H +]mZ , @  +Z , >
H ^* +], mZ ` @ d +Z , . 5e2 +Z , . 2 +Z , =
Wklv lv frqvlvwhqw zlwk=
* +], @ d] .

e.
4
5

]2 @ *W +], .
]2
5
=
Lq wklv fdvh=
CH +\ mZ ,
CZ
@ d
CH +]mZ ,
CZ
. 5 +5e. 4,H +]mZ , CH +]mZ ,
CZ
>
dqg wkhuhiruh d vrwxwlrq *W wr +418, lv jlyhq e|=
*W +], @ d] . +5e. 4,]2 @ *W +], . +e. 4,]2=
H15 Derxw phdvxudeoh vhsdudelolw|
Ohw [ dqg ] eh wzr elqdu| yduldeohv=
S ^[ @ 3` . S ^[ @ 4` @ 4>
S ^] @ 3` . S ^] @ 4` @ 4=
Dv vrrq dv=
3 ? S ^[ @ ]` ? 4>
[ dqg ] duh phdvxudeoh vhsdudeoh1 Wr vhh wklv/ ohw xv frqvlghu iru
h{dpsoh wkhp duh=
S ^[ @ 3> ] @ 4` A 3=
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Wkhq wzr ixqfwlrqv  +[, dqg  +], vxfk wkdw=
 +[,
@r
@  +], >
vkrxog ixooo=
 +3, @  +4, >
dqg
+ +3, @  +3,, ru + +4, @  +4,, =
Lq wklv fdvh/ zh frqfoxgh wkdw  dqg  duh frqvwdqw ixqfwlrqv1 Krzhyhu/
rqh pd| qg lq jhqhudo wzr qrq0frqvwdqw ixqfwlrqv d +[, dqg e +], vxfk
wkdw=
d +[, . e +],
@r
@  +[, .  +], >
zlwk
 +3, 9@ 3 dqg  +4, 9@ 3=
Wr vhh wklv/ ohw xv dvvxph=
S ^[ @ 4> ] @ 3` @ 3>
dqg ghqh d +3, > d +4, > e +3, > e +4, duelwudulo| exw frqirupdeoh zlwk=
d +3, 9@ d +4, > e +3, 9@ e +4, >
d +3, . e +3, 9@ 3> d +4, > e +4, 9@ 3> d +3, . e +4, 9@ 3=
Wkhq/ li zh ghqh= ;A?A=
 +3, @ @EfnKEfqEf >
 +4, @ @EfnKEEf >
 +4, @ @EnKEqE >
zh gr hqvxuh=
d +[, . e +],
@r
@  +[, +], =

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